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PREFACE 



In this text-book the Author has endeavoured to cover as folly as 
possible the needs, not only of candidates for the elementary 
examinations of the Science and Art Department, but also the 
wants of the general student of Geometry. 

The special features which it is hoped will be found of service 
to both teachers and students are : — 

The arrangement of the subject so that, as fiebr as possible, similar 
Problems are grouped together ; the arrangement of the Diagrams 
facing the text ; the very large number of examples worked out ; 
the numerous notes ; and the copious number of Exercises which 
are appended. These Exercises are selected from the papers of the 
Science and Art Department, College of Preceptors, Oxford and 
Cambridge Locals, and various Military Colleges. They are care- 
fcdly graduated, and, where necessary, hints for solution, and 
references to the problems upon which they depend, are given. 

In the Solid Geometry an attempt has been made to make the 
subject as clear as possible by means of Diagrams and simple 
expedients. 

The Author, who has had much practical experience in teaching 
the subject, would especially urge upon students the necessity of 
working out the examples, as more will be learnt by drawing care- 
fully a number of weU-graded problems, than by reading over 
many text-books. 

I. H. M. 
Sheffield : July^ 1890. 
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SECTION I 

PRACTICAL PLANE AND SOLID 
GEOMETEY 



CHAPTEK I 
IKTBODVCTIOK 

In Practical Geometry we apply the principles of Theoretical 
Geometry to construetion by the aid of instroinents. The student 
who has a knowledge of Euclid will find it of considerable 
service in understanding the principles used, and also in remem- 
bering the methods of construction adopted. 

It is of the highest importance that the problems should be 
worked with the greatest possible accuracy and neatness, and in a 
variety of positions, as problems firequently present ficesh difficulties 
when the position of the points or lines is altered. 

The inat/ntments used need not be numerous, but should be of 
the best make and finish that the student can obtain, as inferior 
instruments frequently cause much trouble and vexation, and 
render the accuracy so indispensable in a geometrical drawing an 
impossibility. The following are absolutely essential : — 

1. A Drawing-board with a perfectly level surface, and with its 
comers true right angles. Half-imperial is a very convenient size, 

2. A T sqnare. — This is used to draw lines parallel to the edge 
of the board. It is not advisable to use it for the purpose of draw- 
ing vertical as well as horizontal lines, as, if the board be not true, 
inaccuracies will be caused in the drawing. The vertical lines are 
best obtained by using the set square. It is advantageous to have 
the edge of the T square bound with hard wood, and iDevelled. The 
blade should be screwed on to the head, as this arrangement allows 
the set squares to be used more freely. 

3. Two set squares, having angles of 45° and 60° respectively. 
These are used to obtain perpendiculars and parallels. SkilM 
manipulation of these useful instruments will enable the student to 
construct many simple figures by their aid alone. 

4. Pencils. — These should be HH for the construction lines, and 
H for darkening the lines of the constructed figure. They are best 

B 
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2 PLANE AND SOLID GEOMETRY 

sharpened like the edge of a chisel for geometrical drawing, as 
the point lasts longer. 

5. Mathematical instmments. — These should include: — ^A com- 
pass with movable pen and pencil legs (those with needle-points 
are preferable, as they do not make so large a hole in the 
paper) ; a pair of dividers, for measuring ; a mathematical pen, for 
ruling lines in ink. In addition to these, a set of sprmg how cowr 
passes, for describing small arcs and circles, are of great assistance. 
Indian ink must always be used with the instruments, as it does not 
corrode them ; that isold in a liquid form is very convenient. After 
the pens have been used they should be carefully wiped, to prevent 
rust. 

6. A protractor. — This is made either semi- circular or as a flat 
rule ; the latter form is more convenient. The illustration shows 




how the flat protractor is made from the round one. The instrument 
is used as foUows : — Suppose an angle of 70° be required at point 
A in the line A B. Place the mark O, which is always indicated 
on the protractor, on the point A, keeping the edge of the instru- 
ment on the line A B, and make a tick with the pencil at the 
number 70° ; remove the protractor, and join the tick with the point 
A. An angle of 70° will then have been made with the line A B. 
The degrees are numbered from each end of the protractor, so that 
the angle of 70° may be made either to the left or right of the 
point A. 

7. Paper and pins. — For ordinary pencil- work cartridge-paper is 
the most suitable ; when the drawings have to be inked in, a better 
quality is desirable, such as Whatman's smooth papers. Pins with 
heads soldered on are the most convenient. 
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8. Parallels and perpendiculars. — ^These shonld be obtained by 
means of the T square and set squares. The following instruction 
is given on the examination papers of the Science and Art Depart- 
ment : — * Lines parallel or perpendicular to others may be drawn 
mechanically, without showing any construction. Lines may be 
bisected by trial.' 
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CHAPTEK II 
DEFINITIOKS, TEBMS USED, &c. 

1. A point has no magnitude. It merely indicates position, and 
is marked either by a dot or as in Fig. 1. 

LINES. 

2. A line has length and position, but neither breadth nor thick- 
ness. It is indicated by the letters placed at its extremities, as 
AB, Fig. 2. Various methods of drawing lines are used in 
practice, as thick, thin, dotted, and chain lines. Fig. 2. 

3. A straight line is the shortest distance between two given 
points. It is also called a right line. 

4. A curved line is nowhere straight. There are endless varieties 
of curved lines. Fig. 3 is a simple curve. Fig. 4 is a compound 
curve. 

5. A horizontal line is perfectly level, like the surface of still 
water. Fig. 6. 

6. A vertical line is perfectly upright, like a plumb-line. 
Fig 6. 

7. An obliqne line is neither horizontal nor vertical. Fig. 7. 

8. Parallel lines are the same distance apart, and cannot meet, 
however far they may be produced. Fig. 8. 

ANGLES. 

9. An angle is the inclination of two straight lines to each 
other, which meet together. 

10. A right angle. — When two straight lines meet each other 
so that the adjacent angles are equal to each other, each of these 
angles is a right angle, and the lines are perpendicnlar to each 
other. Fig. 9. 

11. An obtnse angle is greater than a right angle. Fig. 10. 

12. An acnte angle is less than a right angle. Fig. 11. 

13. The vertex is the point where the two lines forming an angle 
meet, as at A, Fig. 11. 

14. Adjacent angles have a common vertex and one common 
arm. In Fig. 12, the angle D A B is adjacent to the angle D A 0. 

15. The complement of an angle is the difference between it and 
a right angle. In Fig. 13, the angle C A B is the complement of 
the angle CAD, and C A D is the complement of A B. 

16. The supplement of an angle is the difference between it and 
two right angles. In Fig. 14, the angle A B is the supplement of 
the angle CAD, and vice versa. 
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TBIANOLES. 

17. A triangle is a figure contained by three straight lines. If 
it be supposed to stand upon one of its sides, that side is termed its 
base; the point where the other two sides meet is its vertex or 
apex, the angle at the vertex is the vertical angle, and the perpen- 
dicular from the apex to the base or base produced is the altitude. 
Thus, in Fig. 15, if A B be the base, then G is the vertex or apex, 
A G B the vertical angle, and G D the altitude. 

Triangles are named either from the comparative lengths of 
their sides, or from the magnitudes of their angles. 

Xst, With reference to their aides there are three kinds : — 

18. An equilateral triangle has three equal sides. Fig. 16. 

19. An isosoeles triangle has two of its sides equal. Fig. 17. 

20. A scalene triangle has three unequal sides. Fig. 18. 
^nd. With reference to the angles there are also three hinds : — 

21. A right-angled triangle has one of its angles a right angle! 
The side opposite to the right angle is called the hjrpotenuBe. In 
Fig. 19, A B is the hypotenuse. 

22. An obtnse-angled triangle has one of its angles obtuse. 
Fig. 20. 

23. An acnte-angled triangle has three acute angles. Fig. 21. 
Note. — ^All the angles of any triangle equal two right angles, or 180° ; thus, 

if two of the angles of a triangle are respectively 60° and 5(]^, then the remain- 
ing angle must be 70°, to make up the 180^ 

qVADBILATEBALS. 

24. A quadrilateral figure is bounded by four straight lines. It 
is also termed a quadrangle, from having four angles. 

Note. — The four angles of any quadrilateral figure must always equal four 
right angles, or 860°. 
' 25. A parallelogram is a quadrilateral figure in which the 
opposite sides are parallel. The straight line joining the opposite 
angles of the parallelogram is called the diagonal. In Fig. 22, A B 
is the diagonal. There are four parallelograms — viz., the square, 
the rectangle or oblong, the rhombus, and the rhomboid. 

26. A square has all its sides equal and all its angles right 
angles. Fig. 22. 

27. A rectangle or oblong has its opposite sides equal and all its 
angles right angles. Fig. 23. 

28. A rhombus has all its sides equal, but its angles are not 
right angles. Fig. 24. 

29. A rhomboid has its opposite sides equal, but its angles are 
not right angles. Fig. 25. 

80. A trapezoid has only two sides parallel. Fig. 26. 

31. A trapezium has none of its sides parallel, but may have two 
of its sides equal. Fig. 27. When two of the sides are equal, the 
figure is sometimes called a trapezion, or kite. 
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POLYGONS. 

82. A polygon is a plane figure bounded by straight lines. 
Note. — In some works a polygon is defined as a figure bounded by more 
than four straight lines. 

If the sides of the figure are equal, it is termed a regnlar polygon- 
Fig. 28. If the sides are unequal, it is called an irregnlar polygon. 
Fig. 29. 

Polygons are named according to the number of their sides : — 

A pentagon has five sides. A nonagon has nine sides. 

A hexagon has six sides. A decagon has ten sides. 

A heptagon has seven sides. An nndecagon has eleven sides. 

An octagon has eight sides. A duodecagon has twelve sides. 

THE CIBCLE. 

88. A circle is a plane figure contained by one line, called the 
circumference. Every part of the circumference is equally distant 
from a point within the circle, which is called the centre. A, Fig. 
30. 

Note. — The circumference is sometimes spoken of as the circle. 

84. The diameter of a circle is the straight line passing through 
its centre, and terminated at both ends by the circimiference, as B C, 
Fig. 30. It divides the circle into two semicircles. If two diameters 
be drawn at right angles to each other, the circle is divided into 
quadrants. Fig. 30. 

85. The radius of a circle is the distance from the centre to the 
circumference, as A B, Fig. 30. 

86. An arc of a circle is the portion between any two points in 
the circumference, as A B, Fig. 31. 

87. A chord is the straight line joining the ends of an arc, as 
the straight line C D, Fig. 31. 

88. A segment is the part of a circle bounded by an arc and its 
chord. Fig. 32. 

89. A sector is the part of a circle contained by two radii and 
the arc between them. Fig. 33. 

40. A tangent is a straight line which touches a circle, but does 
not cut it when produced, as AB, Fig. 34. 

41. Concentric circles have the same centre but different radii. 
Fig. 85. 
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CHAPTER in 
LDTES Aim ANGLES 

PBOBLEM 1. — To bisect a g^ven line. 

With centre A, and any distance greater than half the line, 
describe an arc. With centre B, and the same radius, intersect it 
in C and D. Draw the line C D. Then the line C D bisects the 
given line at right angles, or is perpendicular to it. (Euc. 1. 10.) 

The curved line E F may be bisected in a similar manner. By 
this problem a line may be divided into 4 equal parts by again 
bisecting each half as shown. If those parts be again bisected, the 
line would be divided into 8 equal parts ; and in a similar manner 
into 16, &c. 

PBOBLEM 8. — ^To draw a perpendicular to a given line, from a given 
point in the line. 

Let C be the given point. With C as centre, and any radius, set 
off equal distances C 1 and C 2. With 1 and 2 as centres, and any 
radius greater than half 1 2, describe arcs intersecting at D. Draw 
C B, the required perpendicular. 

PBOBLEM 8. — To draw a perpendicnlar when the given point is at 
or near the end of the line. 

Let B be the given point. With centre B describe an arc. 
With the same radius cut this arc in points 2 and 8. From 2 and 
8 describe arcs intersecting at C. Draw BC, the required perpen- 
dicular. 

Note. — Keep the same radius for describing all the arcs. 

PBOBLEM 4. — The same. (Another method.) 

Take any point C not in the given line A B. Join C B. With 
centre C and radius C B describe an arc cutting A B in D. Join 
C D, and produce until it cuts the arc in E. BE will be the re- 
quired perpendicular. (Euc. iii. 81.) 

PBOBLEM 5. — The same. (For large work when instruments are 
not available.) 

From B set off 3 equal divisions towards A to any convenient 
unit. With centre B and 4 of the same units describe an arc at C. 
With centre A and 5 units cut the arc at C. BC will be the 
required perpendicular. (Euc. i. 48.) 

Note. — ^Any triangle in which the square on one side equals the sum of 
the squares on the other two sides is a right-angled triangle. A C^ = A B' + B C, 
or5»=8» + 4». 

PBOBLEM 6. — ^To draw a perpendicnlar to a line from a given point 
without it. 

Let A be the given point. With centre A describe an arc 
cutting the given line B C in points 1 and 2. With centres 1 and 
2 describe arcs intersecting at D. Draw A D, the required perpen- 
dicular. (Euc. I. 12.) 
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12 PLANE AND SOLID GEOMETRY 

PBOBLEM 7. — ^To draw a perpendicular when the s^ven point is 
nearly over the end of the s^ven line. 

Let A be the given point. With centre B and radius BA 
describe an arc. With centre C and radius C A describe an arc 
cutting the first arc in A and D. Draw A D, the required perpen- 
dicular. 

N'ote. — Two positions of the point are shown. 

PBOBLEM 8.— The same. (Another method.) 

Let A be the given point. Take any point D in the line B C. 
Join AD, and bisect it in E. With centre E describe the semi- 
circle AFD, cutting BC in F. Draw the perpendicular AF. 
(Euc. m. 31.) 

PBOBLEM 9.— To draw a line parallel to a given line, at a given 
distance from it. 

Let A B be the given line, and C D the given distance. Take 
any points 1 and 2, and with radius C D describe two arcs, E and F. 
Then the line touching the arcs will be the required parallel. 

PBOBLEM 10.— To draw a line parallel to a given line through a 
given point. 

Let A be the given point, and BC the given line. With any 
point 1 as centre, and radius 1 A, describe the arc A 2. With A as 
centre and the same radius describe another arc. Cut off 1 D equal 
to A 2. Draw A D, the required parallel. 

PBOBLEM 11.— To bisect a given angle. 

With centre A and any radius describe the arc BC. With 
centres B and C describe arcs intersecting in D. Then the line A D 
bisects the angle. 

By bisecting each half again, the angle will be divided into 4 
equal parts, as shown. Li a similar manner, it may be divided into 
8, 16, &c., equal parts. 

PBOBLEM 12.— To trisect a right angle. 

Let A B C be the given right angle. With centre B and any 
radius describe the arc 1 2. With centres 1 and 2 and the same 
radius cut the arc in 3 and 4. The lines drawn from B through 
these points will trisect the right angle. 

PBOBLEM 13.— To make an angle equal to a given angle. 

Let BAC be the given angle. Draw any line, DE. With 
centres A and D describe arcs BC and FG. Cut off FG equal to 
BO. (Euc. III. 27.) 

PBOBLEM 14. — Through a given point to draw a line meeting 
another line at an angle equal to a given angle. 

Let A be the given point, B the given line, and D the given 
angle. Through A draw a line parallel to B C. (Proh, 10.) At the 
point A make an angle 1 A 2 equal to the angle D. (Proh. 13.) 
Produce A 2 to E. Then the line A E meets B C, and makes the 
angle A E C equal to D. (Euc. i. 29.) 
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14 PLANE AND SOLID GEOMETRY 

PROBLEM 15. — To biBect the angle made by two converging lines 
withont prodncing tbem. 

Let A B and C D be the two lines. Draw a line parallel to A B 
at any convenient distance, and at the same distance draw another 
line parallel to C D intersecting the first parallel at E. Bisect the 
angle thus obtained. Then EF bisects the angle at which AB 
and C D are inclined. 

Notes. — 1. The angle of inclination might be found by drawing one parallel 
only to meet the opposite line. 2. All circles required to touch tiie lines A B 
and C D would have their centres in E F. 

PEOBLEM 16. — From any given point to draw a line which should 
meet at the same point as two converging lines would meet if produced. 

Let A be the given point, and B C, I) E the two converging lines. 
Draw any line A 2. Mark a point 1 in the line B C not in the same 
straight line as A 2. Join A 1 aiid 2 1, forming the triangle A 2 1. 
Take any point 3 in D E. From point 8 draw 8 4 parallel to 2 1, 
and 3 F parallel to 2 A. From 4 draw 4 F parallel to 1 A, forming 
the triangle 3 4 F. The Hne A F passing through the corresponding 
angle of each triangle is the line required. 

Notes. — 1. Two positions of the point A are given, one between and one 
outside the lines. 2. Use the set square in obtaining the parallel lines in tiiia 
and all complicated figures, as the describing of a number of arcs would cause 
confusion. 

PBOBLEM 17. — To And a point in a line equally distant firom two 
given points without it. 

Let AB be the given line, and G and D the given points. Join 
C D, and bisect by a line meeting A B in E. Then E is the required 
point, and E C equals E D. 

Note. — From E a circle could be described passing through C and D. 

PBOBLEM 18. — From two given points without a straight line to 
draw two straight lines to meet the given line and make equal angles 
with it. 

Let A and B be the two points, and D the given line. Draw 
A E perpendicular to C D, by Froh, 7. Draw E B, cutting C D in 
F. Join A and F. Then A I' and B F are the required lines. 

PBOBLEM 19. — Through a given point between two converging 
lines to draw a straight line which shall be terminated by the given 
lines and bisected in the given point. 

Let A be the given point, and C D, E F the given lines. Draw 
A B perpendicular to E F, and produce it, making A G equal to A B. 
From G draw G D parallel to E F. From D draw D E through the 
point A. Then D E is bisected in the point A. (Euc. i. 26.) 

PBOBLEM 20. — To draw a line from a given point which shall 
make equal angles with two converging lines. 

Let A be the given point, and B C, B D the converging lines. 
Produce B D, and bisect the supplemental angle thus formed. From 
A draw A F parallel to the bisecting line, B E. 

If the converging lines do not meet^ then obtain the supplemental 
angle by drawing a line parallel to B D, as shown in the second 
figure. Bisect the angle thus formed, and proceed as in the previous 
figure. 
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PBOBLEM 21. — From a given point to draw a line so that the part 
intercepted between two given parallel lines shall be equal to a given 
distance. 

Let A be the given pokit, B C and D E the two parallel lines, 
arid F the given distance. 

Take any point G in B C. With centre G and radius equal to 
F describe an arc cutting D E in H. Draw G H. 

From A draw a line, A K, parallel to G H. Then the distance 
J K is equal to the given distance F. 

The solution when the given point is between the two parallel 
lines is exactly similar. Both positions are shown. 

PfiOBLEM 22. — ^To divide a line into any number of equal parts 
(say 6). 

Let A B be the given line. Draw a line at any angle, and set 
off any convenient distance five times. Draw 5B, and from the 
points 4, 3, 2, 1, rule parallels to 6B with the set sqtiJie. These 
parallels will divide the line as required. 

PBOBLEM 23. — The same. (Without using the set square.) 
Draw A 5 at any angle to AB. At JB make the angle A B5 
equal to the angle B A 5. (Proh, 13.) From A and B, on the lines 
A 5 and B 5, set off 5 equal distances. Join 5 B, 4 1, 3 2, 2 3, 1 4, 
and A 5, thus cutting the line A B into 5 equal parts. 

PBOBLEM 24. — To construct an angle containing a given number of 
degrees. 

The circumference of a circle is supposed to be divided into 360 
equal parts, called degrees. The radius of a circle may be set off 
exactly six times roimd the circumference; hence, if an arc be 
described, and a portion cut off equal to the radius of the arc, an 
angle containing 60° will be obtained. With a knowledge of this 
principle, a variety of angles may be constructed. Constructions 
for angles of 60^ 120°, 30°, 15°, 46°, and 75° are shown on the 
opposite page. 

For 60°, describe an arc, and cut it with the same radius. 

For 120°, describe an arc, and set off twice the radius. 

For 30°, obtain an angle of 60°, and bisect it. 

For 15°, obtain an angle of 30° as above, and bisect it. 

For 45°, obtain an angle of 30°, and bisect the arc AB. 
(30° + 16° = 46°.) 

For 75°, draw a right angle, trisect it, and bisect the top division, 
AB. 

Other angles aJso may be easily made. 150° = 120° + 80°. 
105° = 90° + 16°. 135° « 90° + 45°. 22^° = half 45°. 67i° = 46° + 
22i°; Ac. 
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OHAPTEB IV 
PBOPOBTIOHALS 

If we compare two numbers with respect to the number of times 
one contains the other, a ratio is formed. Thus, as 9 : 3 is a ratio, 
and means the same as the fractional expression J, or that 9 con- 
tains 3 three times. If we take two equal ratios, we have a pro- 
portion ; for example, § = 5 ; or 9 : 3 as 6 : 2. 

The first term of a ratio is called the antecedent ; and the second 
term, the conseqnent. 

If the numbers are in true proportion, the product of the end 
terms, or extremes, equals the product of the middle terms, or means. 

* If a atrcdght Une be d/rawn pwrallel to one side of a tria/ngle, 
it cuts the other two sides, or tliose produced, proportionally,' 
(Euc. VI. 2.) 

FBOBLEM 25. — To divide a line in the same manner as another given 
divided line. 

Let AB be the line. It is to be divided similarly to C D. 

Draw a line at any angle to A B, and set off C 1, C 2, C 3, and 
C D on it. 

Join D' B, and draw parallels from 3', 2^ and V to D' B. Then 
AB will be divided similarly to C D. 

PBOBLEM 26. — ^To divide a line into three parts in the same propor- 
tion as the numbers 2, 3, and 4. 

Let A B be the given Hne. From A draw a line at any angle. 
Set off 2 + 3 + 4 equal parts. Join 9 B, and from the points 5 
and 2 rule parallels cutting AB, so that AC:CD:DB as 2:3:4. 

PBOBLEM 27. — To find a fourth proportional to three given lines. 

Let A, B, and be the three given lines. Draw D J and D K, of 
indefinite length, and at any angle to each other. Set off D E equal 
to A, DF equal to B, and EG equal to C. Join EF. From a 
rule a parallel to E F, cutting off F H, the fourth proportional re- 
quired. DE:DF:: EG:FH. 

ISTotes. — 1. This construction answers for all cases. It should be worked 
to scale, and the result verified by the student. If the three lines be 8, 2^, and 
2 inches long, then the fourth proportional will be found thus : — 8 : 2i : : 2 : F H. 

ButS FH=2ix2. Therefore, FH=?i^ = If inches. 

8 
2. When the lines are long, it is sometimes more convenient to proceed as 
in Froblem 27a : — Draw two lines at any angle as before, and set off D E equal 
to A, and D F equal to B. Make D G equal to C, and from.G draw G H parallel 
to E F. Then D H will be the fourth proportional less than any of the given 
lines. The same method of construction is applicable when a fourth pro- 
portional greater than any of the given lines is required, but it is necessary 
to commence with the shortest line. See Problem 27b. Draw two lines at 
any angle, and set off D E equal to C, D F equal to B, and D G equal to A. 
Join E F, and from G draw G H parallel to E F. Then D H will be the fourth 
proportional greater. 
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PEOBLEM 28. — To find a third proportional to two g^ven lines. 

Let A and B be the given lines. 

This problem is exactiy the same as finding a fourth proportional 
to three magnitudes, the last two of which are e^ual. If we take 
numbers, for example, and require a third proportional to 8 and 4, 
the statement would read thus— 8:4 as 4:2. Here 2 is manifestly 
the third proportional, because it bears the same relation to 4 that 
4 does to 8. 

In the case of the given lines, proceed in a similar manner, remem- 
bering that the line B is used as both the second and third term. 

Draw two lines at any angle. Set off C D equal to A, and C E 
equal to B. Join DE. Now set off DF, also equal to B. Draw 
F G parallel to D E. E G is the required third proportional 
A:BasB:EG. 

ISTote. — The line B maybe setoff fromC as in Problem 27a : the parallel 
fg cutting off the third proportional C g, which will be found to be of exactly 
the same length as E G. 
^ PBOBLEM 29. — ^To find a mean proportional to two given lines. 

Let A B and C D be the given Imes. 

Produce A B, and set off B E equal to D. Bisect A E, and 
describe a semicircle. At B draw BF perpendicular to AE. 
Then B F is the mean proportional required. AB:BF as 
BF:BE. (Euo. VI. 13.) 

ISTote. — The square constructed on B F equals the rectangle constructed 
with sides equal to A B and C D. 

PBOBLEM 30. — To divide a line into an extreme and mean ratio — 
that is, so that one part shall be a mean proportional between the 
whole line and the other part. 

Let A B be the given line. Draw A perpendicular to A B, 
and equal to half of it. ' Join B 0. With centre and radius C A 
cut off CD. With centre B and radius BD cut off BE. Then 
the line is divided at E so that AE:EB as EB: A B, or so that 
the rectangle contained by AE and AB equals the square on 
E B. (Euo. VI. 30 and ii. 11.) 

PBOBLEM 81. — To make a proportional copy of any irregnlar 
figure, such as a plan, map, or picture. 

It is required to copy the given map so that the line A B shall 
be enlarged to the Hne X Y. Draw A C at right angles to A B. 
Set off equal spaces on A B and A C, and draw parallels forming a 
network of squares as shown. We now require the proportionate 
width of the new drawing — that is, the fourth proportional to the 
lines X Y, A B, and A C. Set off X Y at any angle to AB. Join 
A Y. Set off B C equal to the width A C on A B, and draw C Z 
parallel to A Y. Then BZ is the required width. 

The parallel E F cuts off B F equal to the side of a square in 
the new drawing ; or X Y and X Z may be divided into the same 
number of equal parts as A B and A C are divided into. Draw 
parallels. With the pencil draw the figure carefully, taking care 
that each portion of the figure occupies a correspon(fing square to 
the original For example, the point A is at the junction of vertical 
3 and horizontal 5 on the original drawing, therefore it must 
occupy a similar position on the copy. 
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CHAPTEB V 
TBIANGLES 

PBOBLEM 82. — To oonstract an eqnilateral triangle on a given 
straight line. 

Let AB be the given line. With centres A and B, and the line 
A B as radius, describe arcs intersecting at 0. Join A and B C. 
Then ABC is the required triangle. (Euc. i. 1.) 

PBOBLEM 83.— To construct an equilateral triangle, the altitude 
being given. 

Let A B be the given altitude. At B draw C D at right angles 
to A B. With centre A and any radius describe an arc. On ea<;h 
side of A B construct an angle of 80° by cutting the arc in points 
2 and 8 from centre 1, and bisecting 1 2 and 1 8 by the lines A C 
and AD. A D C is the required triangle. 

PBOBLEM 84. — To construct an isosceles triangle, the base and 
altitude being given. 

Let A B be the base, and C the altitude. Bisect the base by 
the perpendicular, D E. Make D E equal to C. Draw A E, B E, 
forming the required triangle, A E B. 

PBOBLEM 85. — To construct an isosceles triangle, the base and 
one side being given. 

Let AB be the given base, and the given side. With 
centres A and B, and radius equal to 0, describe arcs inter- 
secting at D. Join D with A and B. ABD is the required 
triangle. 

PBOBLEM 86. — To construct an isosceles triangle, the base and 
vertical angle being given. 

Let A B be the base, and C the given vertical angle. With 
centre describe an arc cutting off equal distances 1 and C 2. 
Join 1 2, forming an isosceles triangle, 1 2. At A and B con- 
struct angles equal to the angle at 1. Q^rob, 18.) ABD will be 
the required triangle. 

Note. — A B D and 1 2 C are similar triangles. If the two base angles of 
the one equal the two base angles of the other, then the vertical angle D must 
equal the vertical angle C, because the three angles of any triangle must equal 
180°. (Euc. I. 82.) 

PBOBLEM 87. — To construct an isosceles triangle, the altitude and 
the vertical angle being given. 

Let AB be the altitude, and the vertical angle. Draw DE 
perpendicular to A B. Bisect the angle 0. At A construct 
angles B A E and BAD, each equal to half the angle C. D E A 
is the required triangle, 
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FBOBLEM 88. — To construct an isosceles triangle, one of the equal 
sides and an angle at the base being given. 

Let A B be the side, and the given angle. 

Draw any line D E. At D make an angle equal to G, and cat 
off D F equal to A B. With centre F and radius F D describe an 
arc cutting D E in G. Join F G. Then F D G is the required 
triangle. 

FBOBLEM 89.— To construct a right-angled triangle, the base and 
hypotenuse being given. 

Let A B be the base, and G the hypotenuse. 

At A erect a perpendicular. With centre B and radius equal 
to G cut the perpendicular in D. Join B D. 

FBOBLEM 40. — To construct a right-angled triangle, the hypotenuse 
and an acute angle being given. 

Let A B be the hypotenuse, and G one of the acute angles. 

Bisect A B in D. With centre D describe a semicircle on A B. 
At A construct an angle, B A E, equal to G. Join B E. Then 
B A E is the required triangle, the angle in a semicircle being a 
right angle. (Euc. in. 81.) 

FBOBLEM 41. — To construct a triangle, the three sides being given. 

Let A B, G, and D be the lengths of the three given sides. 

With centre A and radius equal to G describe an arc. With 
centre B and radius equal to D intersect the arc in E. Join E A 
and E B. Then A B E is the required triangle. (Euc. i. 22.) 

FBOBLEM 42. — To construct a triangle, the base and the two 
base angles being given. 

Let A B be the base, and G and D the given angles. 

At A and B make angles equal to the given angles G and D. 
Then A B E is the required triangle. 

13'ote. — Take the same radius for all the arcs. 

FBOBLEM 48.— On a given base to construct a triangle similar to 
a given triangle. 

Let A B be the given base, and G D E the given triangle. 

Make the angles at A and B equal to those at G and D, as in 
Pro6. 42. 

FBOBLEM 44. — To construct a triangle, the altitude and two sides 
being given. 

Let A B be the altitude, and G and D the lengths of the sides. 

At B draw a base line at right angles to A B. With centre A 
and radius G ciit the base in E. With centre A and radius D cut 
the base in F. Join A E, A F. 

FBOBLEM 45. — To construct a triangle, the altitude and base angles 
being given. 

Let A B be the altitude, and G and D the base angles. 

At A and B draw lines GH and EF perpendicular to AB. 
At A make the angle G A E, equal to G, and the angle F A H, equal 
to D. A E F is the required triangle. 
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FBOBLEM 46.— To eonstruet a triangle, the base, altitude, and one 
side being given. 

Let A B be the base, G the altitude, D one of the sides. 

Draw E F parallel to A B, at a distance equal to 0. 

"With centre A and radius D cut E F in G. A B G is the re- 
quired triangle. 

FBOBLEM 47. — To oonstmct a triangle, the base, altitude, and 
vertical angle being given. 

Let A B be the base, the altitude, and D the vertical angle. 

At A construct an angle, B A F, equal to D. Draw A G at right 
angles to A F. Bisect A B by the perpendicular E G. With centre 
G and radius G A describe the segment of a circle on A B. 

Draw H J parallel to A B, at a distance equal to G. Join H A 
and H B. Then A H B is the required triangle. 

13'otes. — 1. Any triangle on A B whose vertex lies in the arc A H J B will 
have its vertical angle equal to D. (Euc. m. 88.) Hence there will be two 
triangles satisfying the conditions, A H B and A J B. 

2. This problem offers another solution to Problem 86. If an isosceles 
triangle were required on base A B, with its vertical angle equal to D, it would 
only be necessary to join A and B with K. (See Prob. 47a.) 

FBOBLEM 48. — To constract a triangle, the base, one side, and the 
angle opposite the base being given. 

Let A B be the given base, C the side, and D the angle. 

At A construct an angle, B A F, equal to the angle I). 

Draw A G perpendicular to A F. Bisect A B by the perpen- 
dicular E G. With centre G and radius G A describe the segment 
A H B. With centre A and radius equal to' cut the segment in 
H. A H B is the required triangle. 

FBOBLEM 49. — ^To construct a triangle, the base, the sum of the 
other two sides, and one of the base angles being given. 

Let A B be the base, G the sum of the other two sides, and D 
one of the base angles. At A make an angle equal to D. 

Cut ofif A E equal to 0. Join B E, and bisect it by the perpen- 
dicular F G. Join G B. Then A G B is the required triangle. 

13'ote.— The triangle B G E is isosceles, therefore G E = G B, and A G, G B 

=:AE. 

FBOBLEM 50.— To constract a triangle, the base and the ratio of 
the angles being given. 

Let A B be the base, and let the angles be as 2 : 8 : 4. 

Produce A B, and describe a semicircle. Divide this semicircle 
in 9 parts (2 + 3 + 4). Draw A 2 and A 5, giving the three angles 
of the triangle. At B construct an angle, ABC, equal to the angle 
9 A 5, and produce A 2 to C, forming the required triangle, ABC. 

13'otes. — 1. B C may be drawn parallel to A 5 to form the angle ABC. 
2. The three angles, 9 A 5, 5 A 2, and 2 A B, are equal to two right angles, 
therefore they must equal the angles of the triangle ABC. 
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. PROBLEM 51. — To construct a triangle, the perimeter and two angles 
being given. (The perimeter of any plane figure equals the sum of 
its sides.) 

Let A B be the perimeter, and G and D the two ailgles. 

On A B construct a triangle with its base angles equal to the 
angles G and D. Bisect the angles at A and B by lines meeting 
at F. From F draw F G parallel to A E, and F H parallel to E B, 
giving F G H, the required triangle. 

13'ote. — ^AG F and BHF are isosceles triangles, therefore AG=GF, and 
BH = HF. The angle FGH=the angle EAB, and the angle FHG = the 
angle EB A. (Euc. 1.439.) 

PROBLEM 52. — To construct a triangle, the perimeter and the pro- 
portion of the sides being given. 

Let A B be the perimeter, and let the sides be as 8 : 4 : 5. Draw 
a line at any angle to A B, and set off 8 + 4 + 5 equal parts. Join 
B 12, and divide A B so that A G, G D, and D B shall equal 8, 4, 
and 5 parts respectively. With centre G and radius G A describe 
an arc, and with centre D and radius D B intersect the first arc in 
E. Join D E and G E, forming the required triangle, G D E. 

FBOBLEM 58. — To constmct a triangle, the base, the ratio of the 
other two sides, and the angle opposite to the base being given. 

Let A B be the given base, G the angle opposite to the base, and 
let the two sides be as 5 : 6. 

Draw any line, D E. At D make an angle equal to G. On D E 
set off five, and on D F, six, equal parts. Join 5 and 6. On line 
6 6 cut ofif 6 G equal to A B. Draw G H parallel to D 6. Then 
G H 6 is the required triangle, and is similar to the triangle 6 5 D. 

"Note, — If A B be longer than 5 6, then both 5 6 and 6 D must be produced 
as in Problem 58a.. 
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QTJADBILATEBALS 

PBOBLEH 54. — ^To construct a square, the side being given. 

Let AB be the given side. At A erect a perpendicular, AC, 
and make it equal to A B. With centres G and B and radius A B 
describe arcs intersecting at D. Draw G D, B D. 

FBOBLEM 55.— To construct a square, the diagonal being given. 

Let A B be the diagonal. Bisect A B by the perpendicular D. 
With centre F and radius FA describe arcs cutting the perpen- 
dicular in G and D. Join AD, D B, B G, and G A. 
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PBOBLEM 56. — To oonBtrnct a rectangle, the two sides being given. 

Let A B and D be the two sides. At A erect a perpendicular, 
A E, and make it equal to G D. With centre E and radius A B 
describe an arc, and with centre B and radius G D intersect the 
arc in F. DrawEF, FB. 

PROBLEM 57. — To construct a rectangle, the diagonal and one side 
being given. 

Let AB be the diagonal, and GD the side. Bisect AB in F. 

With centre F and radius FB describe a circle. With radius 
G D and centres A and B cut the circle in G and H. Draw A G, 
GB, BH,HA. 

Ifote. — The angle in a semicircle is a right angle. (Euc. m. 31.) 

FBOBLEM 58. — To constmct a rhombus, the side and one of the 
angles being given. 

Let A B be the given side, and C the given angle. . 

At A construct an angle equal to G, and make AD equal 
to A B. 

With centres D and B and radius A B describe arcs intersect- 
ing at E. Draw D E, B E. 

PBOBLEM 59. — To construct a rhombus, the diagonal and side being 
given. 

Let A B be the diagonal, and G the side. With radius G and 
centres A and B describe arcs intersecting at D and E. Draw 
AD, DB, BE, EA. 

PBOBLEM 60. — ^To construct a rhomboid, the two sides and one of 
the angles being given. 

Let A B and G be the two sides, and D the given angle. 

At A construct an angle equal to D, and make A E equal to G. 

With centre E and radius A B describe an arc, and with centre 
B and radius intersect the arc at F. Draw E F, B F. 

PBOBLEM 61. — To construct a rhomboid, the diagonal and the two 
sides being given. 

Let A B be the diagonal, and C and D the two sides. 

With radius G and centres A and B describe two arcs. 

With radius D and the same centres intersect the arcs in E 
and F. Draw AE, E B, B F, F A. 

PBOBLEM 62. — To construct a trapezium, the diagonal and two 
pairs of equal sides being given. 

Let A B be the diagonal, and G and D the sides. 

With centre B and radius describe an arc. With centre A 
and radius D intersect this arc in E and F. Draw A F, F B, B E, 
andEA. 

PBOBLEM 63. — To construct a trapezium equal to another given 
trapezium. 

Let A B G D be the given trapezium. Draw a b equal to A B. 

With centres a and 6, and radii equal to A and B G, describe 
arcs intersecting in c. With centres b and c, and radii equal to G D 
and B D, describe arcs intersecting in d. Draw a c, cdj and b d, 

13'ote. — The same principle of cutting the figure into triangles may be 
applied to figures with any number of sides. 
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EXERCISES 

Ifote. — The exercises taken from the examination papers of the Science 
and Art Department in Subject I. are marked with the letters 8c., and the 
year when set. Those from the various Art examinations are marked Art. 
They should be worked in connection with the chapter to which they relate. 

CHAPTER in 

1. Draw aline 3" long ; mark a point 1£" below it, and from this point draw 
a perpendicular to the line. 

2. Draw a line, A B, 2*5" long. From a point C in it, '5" from A, draw a 
line making 45° with O B ; and at B draw a hue at 75° with B C to meet it. 

3. Draw a line 8'5" long. Divide it into 7 equal parts, and on f of the line 
describe a semicircle. 

4. Draw a Une 8" long, and erect a perpendicular from a point ][' from one 
end, and without the line, without producing it. 

5. From a point A draw two lines, A B, A C, making with each other an 
angle of 75° ; bisect this angle. 

6. Set off with your protractor an angle of 57^, and divide it into 4 equal parts. 
7* At tiie extremities of a line 8'' lon^ erect perpendiculars 2" and 2^ long. 

From the upper ends of these perpendiculars draw two equal lines meeting 
each other in the first line. {^Froh, 17.) 

8. From A and B, two points 2" apart, draw two right lines to meet at an 
angle of 70°. {Art:) 

9. Through a point C, 1^" from a line A B, draw two right lines, one parallel 
and the other perpendicular to A B. {Art^) 

10. Draw two lines intersecting at an angle of 52° and between them 
place a line 2*25" long, making 58° with one of tiiem. (Sc. 1884.) 

Ifote. — Draw any line 2*25" long, and making 58° with one line, and through 
its extremity draw a parallel to the one line until it meets the other. A line 
from the point of intersection will be the line required. 

11. Draw a line 8*5" long, and ab one extremity erect a perpendicular 1*75" 
long. From the top of this perpendicular draw a line to make an angle of 30° 
with the given Une. (iSfc. 1871.) {Vroh, 14.) 

12. Draw any two parallel lines, A and B, 1^" apart. Mark a point F, 
I" above A. Tlurough P draw a line cutting the given hues in points 1|" apart. 
(iSc. 1888.) (Pro6. 21.) 

13. ABC is an obtuse angle, and X is a point within it. Determine 
X's position when A B = 2*88", B C = 8*15", A B C == 160°, A B X = 65°, BOX 
==87^ State the lengths of AX and BX. (iSc. 1872.) 

CHAPTER IV 
1. Find a fourth proportional to three lines whose lengths are 2^", 8|",1^7" 



2. Find a mean proportional between two lines, 2" and 1" long, and figure 
its length on the line. 

3. Draw a line 8*75" long, and divide it in the proportion of the numbers 2, 
7, 8, 6. Figure the parts. 

4. Find a third proportional to two lines, 1^" and 1|" long. 

5. Find a line whicn shaJl have the same ratio to a line \\" long that 2^" 
has to 1^". 

Note.— 2i" : li";:l|" : required line. 

6. Draw a line 2" long, and divide it into 4 unequal parts. Draw another 
line two-thirds of the length of the first line, and divide it proportionally to it. 
(Pro6. 25.) 

7. From the extremity A, of a line A B, obtain the i, J, and \ of the line. 

8. Divide a line 8*25" long into 4 parts. A, B, C, D, so that B' is double of 
A, C three times A, and D four times A. 
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9. Prodaoe a line, A B, 8" long, to a point F, so that B F : AB as 8 : 6. 
(iSc, 1872.) 

Ifote. — Draw a line at any angle, and set off 5 + 8 parts. Join 6 B, and from 
8 draw 8 P parallel to 6 B. 

10. Find a point, F, in a line A B (2" long), prodnced, so that A F : A B 
as 7: 4. (iSc, 1870.) 

Ifote. — Draw a line at any angle to A B, and set off 7 parts. Join 4 B. 
From 7 draw 7P parallel to 4 B. 

11. Divide a line, A B, 8'5" long, in a point F, so that the rectangle contained 
by A B, A F may be equal to the square on B F. (5e., 1870.) pfVo6. 80.) 

12. Find a mean proportional to two lines, 2*6" and 1*6" long respectiTely. 
State any Problem that you know of which this is the solution. (§c.,1871.) 
(Euc. n. 14.) 

CHAPTEB V 

1. Construct a triangle with sides AB » 8", A C = 2|", B O « 1 A", and con- 
struct an angle equal to B A O. 

2. QVo lines, A and B, 4" long, contain an angle of 45°. From a point O 
in one line draw a line to make equal angles with the two converging lines. 

8. Upon a base of 2^" construct a triangle having two of its angles 76° and 
46^ respectively, and then construct a simi£kr triangle on a base of 2". {Art^ 

4. An isosceles triangle has a base of 1^" and a vertical angle of 42°. Con- 
struct it by using Trdbtem Ha, 

5. Describe a segment of a circle which shall contain an angle equal to the 
angle of an equilateral triangle. {Proh. 47.) 

6. Construct an isosceles triangle with its equal sides 2^" long and the 
included angle 80°. On the same base describe another isosceles triangle with 
its vertical angle double that of Uie first triangle. (Art,) 

Note. — ^Bisect the sides, and find the centre for the circumscribing circle. 
The angle at the centre of a circle is double the angle at the circnnuerenoe, 
standing upon the same base. (Euc. m. 20.) 

7. Draw a triangle, two of whose sides are 2*5" and 8" respectively, the 
angle opposite the shorter side being 40°. (iSc, 1876.) {Proh, 88.) 

8. Draw a triangle having its vertical angle 80°, the base 1*7'', and the ddes 
as 4: 6. (Pro6. 53.) 

9. Construct a triangle of which the sides are as 1, 1*5, 2, the perimeter 
being 4". (Pro6. 52.) 

10. Construct a triangle on a base of 2", altitude 1*75", and the angle 
opposite the base 42°. {8c,, 1871.) {Proh. 47.) 

U. Construct a triangle whose sides, a 6, 6 c, ca, are 8^", 2|", and 2" re- 
spectively. On a c construct a second triangle, adc, whose vertical angle, adc, 
is equal to the angle a & c, and the side a d 1|". (N.B. — The angles upon the 
same base and in the same segment of a circle are equal.) {Sc, 1887.) 

19'ote. — ^At a draw a line making with a c an angle equal to a 6 c, and use 
Problem 48. 

CHAPTER VI 

1. Construct a square of A" sides, bisect the sides, and join the adjacen\i 
points of bisection, thus obtaining a second square; bisect the sides of this square, 
and obtain a third square. Continue the process until five squares have been 
drawn. (Sc, 1879.) 

2. Construct a rhomboid, one diagonal being 2", and the adjacent sides 
14" and 1" respectively. {Prob, 61.) 

8. Construct a rhombus having an angle of 65° and abase of 8''. Measure 
its two diagonals accurately, and write down their lengths. 

4. The adjacent sides of a trapezium are 2*8" and 1*8" long respectively. 
The included angle is 60". The other sides are 2|" and 8". Construct the 
figure, and give tiie length of the longest diagonal. 

5. Upon a line 1|" long describe a square, and divide it by parallel lines, 
alternately thin and dotted, into 5 equal rectangles. 

6. The diagonals of a parallelogram 2*4" and 4'2" long contain an angle of 
61^. Construct the parallelogram. {Sc, 1888.) 

D 
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CHAPTER VII 
THE CIBCLE AHD TAKOEKTS 

PBOBLEH 64. — ^To find the eentre of a eirele. 

Draw any two chords, AB, B G. Bisect them by lines at right 
angles. The point D, where the bisecting lines intersect, is the 
centre. (Euo. m. 1, Cor.) 

PBOBLEH 65. — ^To describe a circle passing through three given 
points not in the same straight line. 

Let A, B, and G be the three points. 

Join A B, B G. Bisect both lines as above. From D, the point 
where the bisecting lines meet, describe the circle. 

PBOBLEM 66. — To describe a circle about a triangle. 

Bisect two sides, and proceed as in Problem 64. 

PBOBLEH 67. — To describe an arc equal to a given arc, and having 
the same radius. 

Draw any two chords, A B and G D, in the given arc. Bisect 
them, and find the centre E, firom which the arc was described. 
With centre O and radius E F describe the arc G H, and make it 
equal in length to the given arc. 

PBOBLEH 68.— To draw a tangent to a circle through a given 
point in the circumference. 

Let A be the given point. Find the centre, B. Join B A and 
produce, making A G equal to A B. With centres B and G describe 
arcs intersecting at D. Draw D A, the required tangent. 

Ifotes. — 1. This method of drawing the perpendicular is preferable to the 
other methods when there is room to produce the radius, as it is likely to be 
more accurate. 

2. A tangent is always at right angles to the radius. 

PBOBLEH 69. — ^To draw a tangent to a circle from a given point 
without it. 

Let A be the given point. Find the centre, B, and join B A. 
Bisect B A, and describe a semicircle cutting the given circle in G. 
Draw A G, the required tangent. 

Ifote. — ^If the whole circle on A B were described, another tangent might 
be obtained. 

PBOBLEH 70. — To draw a tangent to an arc from a point in it, 
when the centre is not accessible. 

Let A be the given point. 

With centre A describe a circle. With centres B and G describe 
arcs intersecting in E and F. Draw E F. At A draw the tangent 
at right angles to E F, using H and G as centres for l^e intersecting 
arcs. 

Another solution is shown m Problem 70a. Draw a chord, A B, 
from the given point A. Bisect this chord. Join G A. Make the 
angle GAD equal to G A B. Then D E is the required tangent, 
the angle DAG being equal to the angle A B G. (Euc. iii. 82.) 
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PBOBLEM 71. — To draw a tangent to a circle which shall be 
parallel to a given straight line. 

Let A B be the given straight line. Find the centre, G, of the 
circle. From draw a perpendicular to A B. Through D, the 
point where the perpendicular cuts the circumference, draw E F at 
right angles to G D. 

Ifote. — In all problems where the centre of the circle is not given, it must 
be found as shown in Problem 64. 

PBOBLEM 72. — ^To draw two tangents to a circle to meet at a 
given angle. 

Let the given angle in this case equal 60^ 

From the centre, B, draw any line, B G. Take any point, G, and 
on each side of the line B G construct an angle equal to iMilf the 
given angle— in this case 30°. Now apply Problem 71, and draw 
perpendiculars B E, B D. Through F and G draw parallels to E C 
andDG. 

PBOBLEM 73. — To draw a common tangent to two equal circles 
which shall not cross the line joining their centres. (This is com- 
monly called an exterior tangent.) 

Join the centres A and B. At A and B draw perpendiculars 
A G, B D. Through the points G and D draw the exterior tangent. 

PBOBLEM 74. — ^To draw a common tangent to two equal circles 
which shall cross the line joining their centres. (Interior tangent.) 

Join the centres A and B. Bisect A B in G, and A G in D. With 
centre D and radius D A describe a semicircle. Join A E, and from 
B draw B F parallel to A E. (Use set square.) Through E and F 
draw the interior tangent. 

PBOBLEM 75. — To draw an exterior tangent to two unequal 
circles. 

Join the centres A and B. From C set ofif G D equal to B E, 
the radius of the smaller circle. With centre A and radius AD 
(the difference of the radii of the given circles) describe a cirde. 
Bisect A B, and describe a semicircle. From B draw B F, a tangent 
to the small, described circle. Through F draw A G, and from B 
draw B H parallel to A G. Through the points G and H draw the 
exterior tangent. 

PBOBLEM 76. — To draw an interior tangent to two unequal circles. 

Join the centres A and B. From G set off G D equal to B E. 
With centre A and radius AD (the sfwm, of the radii of the given 
circles) describe a circle. Bisect AB, and describe a semicircle. 
From B draw B P, a tangent to the large, described circle. Join 
A F, and from B draw B G parallel to A F. Through the points 
G and H draw the interior tangent. 

Note.— In Problems 78, 74, 75, 76, two tangents might be drawn, if required, 
as shown in dotted line on Problem 74. 
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CHAPTER VIII 
BEOULAB POLTeOKS 

FSOBLEM 77. — ^To construct ANT regular polygon on a given line, 

AB (in this case a pentagon). 

Produce AB, and with centre A and radius AB describe a semicircle. 
Divide the semicircle into as many equal parts as the required figure has sides 
(in this case five) with the dividers. Join A with 2, giving another side of 
the polygon. (Always join A with the second division for any polygon.) Bisect 
the two sides, A B and A % by Unes meeting at O, giving the centre of 
the polygon. With centre O and radius O B describe a circle. Mark off B £3 
and H D equal to A B. Join B E, XS D, D 2, forming the required pentagon. 

Notes. — 1. The accuracy of this construction depends upon the correct 
division of the semicircle and the care with which the centre is obtainedj 

2. A semicircle may be divided into three equal parts by marking off its 
radius three timen To get 6 equal parts, bisect ea^ third part ; to get 9, trisect 
each third part. To get 4 equal psurts, bisect each half ; by bisecting again, 8 
tv^ill be obtained. If the set squares are perfectly accurate, the semicircle may 
be divided into 4 by using the 45°, and into 8 by using the 60°, set square. 

PBOBLEM 78. — To oonstmct a regular hexagon on a given line, 
A B. (Special method.) 

With centres A and B and radius AB describe arcs intersecting 
in 0. With centre and the same radius describe a circle, and set 
off A B round it. Join the points, thus forming the required hexagon. 

Note. — The side B C may be obtained by using the 60° set square, and 
the hexagon quickly set up by this means. 

PBOBLEM 79. — To construct a regular octagon on a given line, 
A B. (Special method.) 

Erect perpendiculars at A and B. Produce AB both ways. 
With centres A and B and radius A B describe quadrants. Bisect 
each quadrant, obtaining BE and AF, two more sides of the 
octagon. From E and F draw parallels to A C and B D, and make 
them equal to AB. Join EF and GH. Make KD and LC 
equal to J B. Join the points H, D, 0, G. 

Notes. — 1. The lines from A and B through M and N will also give the 
points H and G. 

2. B E, A F, H D, G C may be readily obtained by using the 46° set square. 

PSOBLEM 80. — ^To construct a regular polygon by using the pro- 
tractor. 

The number of degrees in each angle of a regular polygon may be 
readily found as follows : — From twice as mcmy right angles as the 
figure has sides subtract fov/r right angles^ amd divide this remit 
by the number of angles the figure contams. (Euc. i. 82, Cor.) 

Suppose the regular polygon to be a pentagon. 

The pentagon h&Bfive sides ; Uierefore take ten right angles. Deduct/oi^r, 

6 X 90° 
leaving six right angles. The solution will then be — - — = 108°. The angles 

5 
for other polygons may be found in the same manner. For an octagon the 
solution would be _i?.x90^ ^ ^ggo 

8 * 

Place the protractor on AB, with its centre on B (see page 2). 
Mark 108°, reading from the left. Place the centre on A, and 
mark 108°. Make AD and B equal to AB. With centres D 
and C and radius AB describe arcs intersecting in E. Join 
DE,EO 
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PSOBLSM 81. — To inscribe ANT regular polygon in a circle. 

Draw the diameter A B. (If the centre of the circle be not 
given, draw a chord, and bisect it.) Divide A B into 7 eqnal parts. 
With centres A and B describe arcs intersecting at C. From C, 
through the second part, rule C D, cutting off A D, one of the sides 
of the polygon. Set off A D rotmd the circle, and join the points. 

Notes. — 1. The greatest care mast be exercised in dividing the line and 
in drawing the line £rom G exactly through the ^int 2. 

2. The circumference of the circle may be divided into the number of parts 
required with the dividers, and the points joined to form the figure. 

8. The hexagon, octagon, and duodecagon are more easily inscribed in a 
circle by special methods. 

PBOBLEX 82. — To inscribe a regular hexagon in a circle. (Special 
method.) 

Draw the diameter A B. With centres A and B set off the 
radius on each side. Join the points. 

PSOBLEM 83. — ^To inscribe a regular octagon in a circle. (Special 
method.) 

Draw the diameter AB. Bisect it at right angles by the dia- 
meter CD. Bisect each quadrant thus formed, cutting the cir- 
cumference into 8 equal pomons. Join the points thus obtained. 

PSOBLEX 84. — ^To inscribe a regular duodecagon in a circle. 
(Special method.) 

Draw two diameters, at right angles to each other, as before. 

With centres A, B, G, D, describe arcs passing through the 
centre of the circle and cutting the circumference. Join the points 
thus obtained, forming the required polygon. 

PBOBLEM 85. — ^To complete a regular polygon, two adjacent sides 
and the included angle being given. 

Let A B, B C, be the two sides, and ABC the included angle 
(in this case 120°). Bisect the two sides. Describe a circle passing 
through the points A, B, G. Set off the length of one side round 
the circumference, and join the points thus obtained. 

PBOBLEM 86.— To inscribe ANT regular polygon in a circle by using 
the protractor. 

If all the angles of a polygon be joined with the centre, there 
will be formed as many equal isosceles triangles as the polygon has 
sides, having their vertical angles at the centre equal. All the 
angles at the centre equal four right angles. (Euc. i. 15, Cor. 2.) 
Hence, if 860° be divided by the number of sides the regular 
polygon has, the magnitudes of the central angles will be obtained. 
For example, it is required to inscribe a regular pentagon in a circle 

860° 72° 
by this method. The central angle in this case will be —-- = 

5 
Draw any radius, A. Make the angle A B equal to 72°, with 
the protractor. ^ Set off the distance AB round the circumference, 
and join the points. A B C D E is the required pentagon. 
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PSOBLSM 87. — ^To describe ANT regular polygon abont a circle 
(say a pentagon). 

Divide the circumference of the given circle into as many equal 
parts as the polygon has sides, in we same manner as for the in- 
scribed polygon. {Proh, 81.) From the centre, 0, draw lines 
through each point. Draw A B, one of the sides of the inscribed 
pentagon. Draw the tangent G D parallel to A B. Make E, O F, 
OG, equal to OD. Draw DE, EF, FG, G G, tangential to the 
circle. Then G D E F G is the required pentagon. 

FSOBLEM 88. — To construct ANT regular polygon, the length of 
any diagonal being given. 

Let AB be the length of one of the loixger diagonals of a 
regular heptagon. 

On any base, G(2, construct a regular heptagon, ij^rdb, 17.) 
From draw the diagonals, and produce them, if necessary. Mark 
off G F equal to A B on one of the longer diagonals. Draw F E, 
ED, FG, GH, HJ, parallel to the corresponding sides of the 
heptagon. 

Note8.---l. If the length of the shorter diagonals be given, proceed in an 
exactly similar manner. 

2. If one of the longer diagonals of a hexagon, octagon, or duodecagon be 
given, bisect it, describe the circumscribing circle, and proceed as in Problems 
82, 88, and 84. 

PSOBLEM 89. — To construct ANT regular polygon, having the dia- 
meter given (say a pentagon). 

Note. — The diameter divides the polygon into two eqoal parts. It is 
the line passing through the centre of the polygon, and terminated at the 
middle points of two opposite sides in a polygon having an even number of 
sides. When the sides are tmeven, the diameter is drawn through the centre, 
from one angle to the middle of the opposite side. 

Let AB be the given diameter. Through B draw a line at 
right angles to A B. Set off B c, B d, any equal distances on each 
side of B. Describe a pentcigon on c d. Through e and / draw 
lines from B. From A draw AE and AF parallel to a e and af, 
and from E and F draw ED and FC parallel to ed and fc. 
Then G D E A F is the required pentagon. 

PBOBLEX 90. — To construct a regular pentagon, the diagonal being 
given. (Special method.) 

Let AB be the diagonal. An important property of the 
pentagon is, that if the diagonal be divided into an extreme and 
mean proportion {Proh, 80), the greater segment of the diagonal so 
divided will equal the side of the pentagon. 

Divide AB into an extreme and mean ratio at D. Then BD, 
the greater segment, will be the side of the pentagon. With centres 
A and B and radius B D describe arcs intersecting at E. Draw 
BE, E A, two sides of the pentagon. With centre B and radius 
B A describe an arc. With centre A and radius A E intersect the 
arc in F. With centres F and B and radius FA describe arcs 
intersecting in G. Draw A F, F G, G B. 
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CHAPTER IX 
SCALES 

Drawings are not asoally made of the same size as the objects which they represent. 
It would be manifestly inconvenient to draw the plan of a building its proper size, as 
the drawing would be too large for use ; but if a drawing were made on which eyery 
yard of the object was represented by an inch, then we should have a diagram showing 
the relative proportion ox the parts, but drawn to a different scale. As every inch ou 
the drawing represents a true length of one yard, the drawing would be on a Kale of 
linch to lyard, or ^, because each line on the drawing is «V P<u^ o' ^^ ^^^^ length. 
This fraction is called the representative fraotion* ana shows the ratio each line 
on the drawing beurs to the object delineated. 

The scale of a drawing may be stated in wordi^ as 1 in, to 1 yd. ; by its representcUive 
fraction, as ^; or by drawing a line ditfided into equalparts, each representing the unit used. 

When the scale shows equal divisions only, it is called a plain soale. 

Scales, to be of use, should fulfil the following conditionn :— 1. Divided with great 
accuracy, and carefully numbered. S. Long enough to measure the principal lines of the 
drawing. 3. The zero (o) must always be between the unit and its subdivisions. 4. The 
name of the scale should be written on it, and the representative fraction shown. 
6. Numbered decimally in the primary divisions. 

PLAIN SCALES 

FBOBLEM 91.— To construot a soale of | in. to 1 ft., or ^, to mea- 
sure 6 ft. 

Bule two parallel lines about ^th of an inch apart. Set off 6 half inches. 
Divide the first part into 4, showing spaces of 8 in. Fi^^u^ ^^ scale ^ shown, 
placing the zero between the feet and the subdivision into inches. 

FBOBLEM 92. — ^To constmot a scale of | in. to 1 mile, showing miles 
and furlongs, and measuring 4 miles. 

Draw two lines as before. Set off 4 spaces of | in. each. Divide the first 
part into 8, showing the furlongs, and number as diown. 

Note.— The representative fraction in this scale is 12?'= ^ ^°; =--L-. Every 

Im. 63360 in. 84480 
line of the object drawn to this scale would be 84480 times as long as that of the drawing. 
PBOBLEM 93 — Draw a soale of ^, to show yards and feet, and 
measuring 5 yds. 

The scale has to be long enough to measure lines 5 yds. long ; therefore, its 
total length will be ^ or ^a of 1 yard, that is, 8 in. Draw two lines, 8 in. long. 
Divide, and number as shown. 

PBOBLEM 94.— Construct a scale of '876 in. to 10 ft., to measure 40ft. 
If 10 ft. are represented by 'BTS in., then 40 ft. would be represented by 
'875 X 4 =8*5 in. Take a line 8^ in. long, divide it into 4 equal parts, giving 
distances of 10 ft. Divide the first part into 10 equal parts, showing feet. 
Ecpre^ntati. fr«ti.n ^'^ . ^; =^^^ 

PBOBLEM 96.— Draw a soale showing 6| yds. to 1 in., to measure 
20 yds. 

If 5^ yds. be represented by 1 in., then 2 in. will represent 11 yds. Draw 
a line, and set off A B, 2 in. 

Divide this distance into 11 equal parts. Each of these parts will represent 
1 yard. Add 9 more parts, to make up the 20, and complete the scale as shown. 

PBOBLEM 96.— One inch represents 18 ft. 4 in. Draw the oorre- 
sponding soale, divided generally into 10-ft. lengths, with one such length 
subdiyided into single feet. {8c.t 1885.) 

The representative fraction = — -iB: — =s . The unit is a distance of 

18 ft. 4 in. 160 
10 ft. If 160 in. be represented by 1 in., then 10 ft., or 120 in., will be repre- 
sented by i^=|in. Set off distances of f in., representing 10 ft. Subdivide 
'-^'^ left-hand division into 10 equal parts, showing single feet. 
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TWSBXKL 97. — The Iiaa AB npmaiti S^ ydi. Construct a 
•eale, ■howhiff yazds aad CmC, t» MBune 10 juIb. 

Divide AB into 7 eqxud parts, showing ^-yards. Prodnoe 
the line to the required length. Subdivide iSbe left-hand divifiion 
into 3 eqnal parts, showing feet. 

FBOILBM 98. — ^The givea Iiaa, AB, is S ft 5 ia. loag by scale. 
Frodaee It so as ta make It 6 ft 

Ihraw A C at any angle, and set o£F 2 ft 5 in. to any convenient 
scale ; 2/^ in. will do. Join B G, and rule parallels cutting A B 
into 2 ft. 5 in. Add on the required number of feet. 



BIAeOVAL 8CALB8 

By means of the diagoiud scale veiy miniite distaaces may be measared 
with great accuracy. The principle of its oonstroction is as fcmows : — ^If the 
rectangle A B C D, on the opposite page, be diyided into 8 eqnal parts by 
purallelB to AB, and the diagonal D B be drawn, then a nnmber of similar 
triangles will be formed. (Euc. vi. 2.) If D 4 is half D A, then 4 a will be half 
A B. In the same manner, D 1 is | of D A ; therefore, 1 h will be { of A B. 

From 9, plain scale we get two dimensions, snch as yards and feet ; from 
a diagonal scale we may obtain three dimensions, as ya^ds, feet, and inches. 

FSOBLEK 99. — ^Draw a diagoaal seals showing inehes and tenths. 

Draw a line A B, and set off inches. At A erect a perpendicular, 
and set off 10 eqnal parts to any convenient unit, and from each 
part draw parallel lines to AB. Erect verticals at each primary 
division. Draw the diagonal from to 10. 

Note. — ^We may obtain from this scale inches and tenths, thus : — Suppose 
1-Afj or 1'7 in., be required. Place the diyiders where vertical 1 meets horizontal 
7 (point e), and open until point / is reached, a&^l^, or 1*1 in. ; e <2 =1^) 
or 1-2 in. ; ghss^^, or 2*8 in. 

PBOBLEX 100. — Draw a diagonal scale showing inches and 
hundredths of an inch. 

Draw the 11 parallels, and set np the verticals as before. 
Now divide A into 10 eqnal parts, and join the first part on the 
lefli with 10 at the end of the top line. Bule parallels from each 
of the parts as shown. 

Note. — Each part on the line A O shows tenths of an inch, and the dis- 
tance 9 a on the second line from the top will be ^ of a tenth— that is, -^ of 
an inch. The distance 1 6=1^, or 1*8; cd =1^, or 1*81; e/=l^, or 1-86. 

If 1*69 inches were required from the scale, place one point of the dividers 
on the point a, where the vertical 1 meets the horizontal 9 ; open the dividers 
to the point hj where the diagonal 5 meets the horizontal 9. 

FSOBLEK 101.— Draw a scale of ^th to show yards, feet, and 
inches, and show a distance of 2 yds. 2 ft. 7 in. on the scale. 

A scale of ^ would be } in. to the yard. Draw a line, A B, and 
set off distances of | in. Divide the firstpart into 8, showing feet. 
Draw the vertical A 8, and set off 12 equal parts. Bule parallels, 
and complete the scale. 

To obtain the required distance, place one point of the dividers 
on a, where vertical 2 meets the horizontal 7, and extend the other 
point to 6, where the diagonal 2 intersects the horizontal 7. 
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THE SCALE OF CH0BD8 

This scale is used to measure angles, and is usually marked on a 
scale by the letters * * or * OHO.* 

FBOBLEM 102.— To coxutmct a scale of chords. 

Describe the aoadrant ABC. Trisect the arc A O, and subdivide each 
part again into three, thus dividing the arc into 9 equal parts of 10° each. 
Make AD equal to AC. From centre A describe arcs from each of tiie 
divisions on to the line A D. Complete the scale as shown. 

Notes. — 1. Hie distance from A to each division on the scale is the chord 
of the angle containing that number of degrees. 2. The divisions get smaller 
as the angle increases towards 90°. 8. The chord of the arc of ^ is always 
equal to tide radius. 

FBOBLEM 103.->To construct angles of 50^ and JLOO° by means^of 
the scale of chords. t 

Draw any line, A B. With centre A and radiua o to 60° from the scale, 
describe an arc. Now take the distance from o to 60°, and intersect the arc 
in C. Then B A C is the angle of 50°. For 100°, take the distance from o 
to 50°, and set oflE from O, giving BAD, the angle of 100° (50° + 60° « 100°) 
Another way would be to obtain S for 90°, and cut off E D equal to the dis 
tance from o to 10° (90°+ 10°=100°). 

FBOBLEM 104.— To measure the size of an angle by means of the 
scale of chords. 

Let B A C {Prob. 108) be the given angle. With radius o to 60° from the 
scale, describe the arc B C. Take the distance B C, and apply to the scale, 
giving 50°. 

THE 8E0TOB 

This instrument is shown on the opposite page. The most important of 
the scales marked on it are the line of lines, marked L, and the line of 
polygons, marked POL. The following problems show some of its uses. 

FBOBLEM 105.— To bisect a line. 

Open the sector until the transverse distance from 10 to 10 on L equals 
the given line. Then the distance from 6 to 5 will be half the line. 

Notes. — 1. Measure with the dividers from the inside line, where the dots 
are marked. 2. The transverse distances between 8 and 4, or 6 and 8, &c., will 
also give the bisection. 

FBOBLEM 106.— To divide a straight line into 7 eqnal parts. 

Open the sector until the transverse distance from 7 to 7 on Ii equals the 
given line. Then the transverse distance from 1 to 1 will be |th of the given 
hne. 

FBOBLEM 107. — To find a fonrth proportional to three given lines, 
A, B, C. 

From the centre O, on L, set off O D equal to A. Open the sector until 
the transverse distance at D equals B. Then, if CIS be set off equal to C, 
the transverse distance at E will be the required fourth proportional. 

FBOBLEM lOS.^To inscribe a regular pentagon in a circle. 

Let O A be the radius of the circle. Open the sector until the transverse 
distance from 6 to 6 on FOIj equals O A. Then the transverse distance at 
6 will equal the side of the pentagon. 

Notes.— 1. Always make the radius of the circle equal the distance from 
6 to 6. 2. If a heptagon were required, then the distance from 7 to 7 would 
equal the side. 

FBOBLEM 109.— To constmct a regular heptagon on a given line. 

Let A B be the given b'ne. Open the sector until the transverse distance 
from 7 to 7 equals A B. With A and B as centres, and the distance from 6 
to 6 as radius, describe arcs intersecting at O. With centre O and the same 
radius describe a circle. Set off the distance A B round it. 
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CHAPTER X 

THE USE OF SCALES IH THE COKSTSVCTIOK OF ntBB&ITLAB 
POLTGOKS, AHB IH THE BE])irCIir0, ENLABOIVe, AITD 
COFTINO OF PLAHE FI0UBES. 

PBOBLEM 110. — ^To eonstruet an irrsgnlar polygon having given 
the lengths of the aides and the magnitude of the angles. 

Sides, AB = l-3^ BOl-2^ CD IJ^ DEir, EAl-4'^ 
Angles, ABC 140^ BAE lOO''. First make a rough freehand 
sketch, lettered and figured, as a guide. Draw A B and make it VW 
(1^) long from the scale. Make the angles ABC and BAE equal 
to 140° and 100° respectively, either with the protractor or scale of 
chords. Make BC 1-2" and A E 1-4^ 

With centre C and radius \^' describe an arc. With centre £ 
and radius Ig^^ intersect the arc in D. Draw E D, C D. 

iN'ote. — The angles of figures ore usually lettered in order, starting from 
the first letter. 

PBOBLEM 111. — To construct an irregular polygon, the lengths of 
the sides and diagonals being given. 

Sides, A B - 1-9^ B C = 1^ D = 1-86^ D E = V1f/\ E A = 1 J". 
Diagonals, AC = 2*17'^ BE = 2*4^'. Make a rough sketch of the 
figure as before. Draw AB 1'9'' long. With centre B and radius 
V describe an arc, and with centre A and radius 2*17^'' intersect 
the arc in C. (This distance ma^ be taken from the diagonal scale 
showing hundredths of an inch ; it is marked by the letters A C on 
the figure for Problem 100.) Draw the triangle A B E in a similar 
manner. With centres C and E describe arcs of 1'86'' and 1*76'' 
radii intersecting in D. Draw B C, C D, D E, E A. (The distance 
C D is shown on the same scale by the letters D E.) 

Note. — ^Problems 111 and 112 are drawn half size. 

PBOBLEM 112. — To oonstmct an irregnlar polygon, having given 
two sides, the lengths of the diagonals drawn firom one angle, and the 
angles between them. 

Sides, A B = 1-15^ B C - 1-8^ Diagonals, B D = 2-4'', B E - 
2-8^ BF = 2^ Angles, ABF = 80° FBE = 46^ EBD = 85^ 
DBC = 25°. 

After making a sketch, draw A B = 1'15'^ With the protractor 
setoff angles ABF,FBE,EBD,DBC. Make B C, B D, B £, 
B F equal to the lengths g^ven. Draw C D, D E, E F, F A. 

PBOBLEM 118. — ^To constmot an irregular polygon having given a 
point within the polygon, the distance from the point to eaoh angle, 
and the angles round the point. 

OA = 60^OB = 56^OC = 60^,OD = 26^ OE = 76^ OF = 40'. 
Angles.— AOB = 66°,AOF=60^FOE = 75°,EOD = 80^ DOC 
= 55°. Scale, 45 ft. - 1 inch. 

First construct the scale, showing distances of 5 ft. After 
making a sketch, fix a point O, draw O B, and set out the angles 
BO A, AGF, FOE, EOD, DOC with the protractor. Takethe 
lengths of the lines given from the scale and join the points, A, B, 
C, D, E, F, with each other. 
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PSOBLEM 114 ^To construct an irregular polygon from a rough 

diagram, the dimensions on the diagonal and the oflBsets or ordinatea 
being given. 

AE = 8 cli.501.,A6 = 76L,A^ = 901.,Ac-2oli.201., A/= 
2ch. 901.,Ad= 8ch. Offsets, 6B = 1 oh.lO 1., grQ^ 801., c 0=251., 
/F=lch.801.,<?D = 90L 

Scale, I in. to represent 1 chain. 

'Fvrst construct the scale. As no distances in the figure are 
required smaller than 5 links it will only be necessary to divide the 
unit into 20 parts. This will be more accurately performed by 
means of a diagonal scale. Draw 5 parallel lines. Set off 4 spaces 
of I in. each and draw verticals. Divide the first space into 5 equal 
parts giving distances of 20 links. Draw the diagonab, thus ob- 
taining distances of 15, 10, and 5 links. 

Next draw A E, 8 oh. 50 L from the scale (a h on the scale), and 
set off A 6 (c (2 on scale), A^, A c. A/, A d. At the points &, ^, c, 
/, d draw the offsets, taking the distances from the scale. Join the 
points A, G, F, E, D, 0, B. 

FSOBLEM 115. — ^To construct an irregular figure from a given 
figured rough sketch. Scale, 20 ft. = 1 in. 

"Beme^entaiive Fraction = -i5i » _^, 
^ 20 ft. 240 

Fi/rat draw the scale. As the longest distance to be measured 
is under 40 ft. the scale need be only 2 in. long. Divide the first 
inch into 20 parts. 

Draw any line A B. At A draw A at an angle of 90° and make 
it 27 fb. long by scale. Make an angle of 80° at and draw D 
15 ft. by scale. At D make an angle of 100° and draw D E 85 ft. long. 
Proceed in a similar manner for the other lines and angles. From 
G draw GB at right angles to AB. 

FSOBLEM 116. — Construct a six-sided polygon abcdef, such 
a 6 2 2 

thate/ = -- =- af; de = ad\ and a6 = - he. The rest of the data 

^ o 3 

are given on the figure. Scale }'^ = 10^ 0^^ 

First construct a plain scale showing feet, and long enough to 
measure ae. Then draw ae 56^ by scale. Onae construct the 
isosceles triangle ade^ making the sides d a and d e 49^ long. To 
obtain point c, draw a line parallel to ae and 22' from it, and with 
centre e and radius 42' from the scale intersect the parallel. Draw 

Q 

dc. (ab^-bc = 18'.) With centre a and radius 18' describe an 
o 

arc, and with centre c and radius 27' intersect the arc in b. Draw 
ch,ab. (e/= ^ =28', and | af=e/, therefore a/=42'.) With 

centre e and radius 28' describe an arc, and with centre a and 
radius 42' intersect the arc in /. Draw a/, fe. 

Notes. — 1. A figure similar to this was set in the science examination 1889. 

2. The figure is drawn half its proper size. 
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FBOBLEM 117. — To make a redneed drawing of a giyen figure. 

Let A B C D E F be the given figure. It is required to reduce 
it so that each side shall be § of its length on the given figure. 

Method 1.— Draw BF, BE, BD. Divide A B into 3 equal 
parts. B a will be one of the required sides. Draw a/, /?, ed^dc 
parallel to the corresponding sides of the figure.N 

19'ote. — The principle is the sajne as in Frob. 88. 

Method 2. — Divide AB into 8 equal parts as before. Take B a 
and place it in the same straight line or parallel to A B. Draw a/, 
hf parallel to AF, BF, thus obtaining point /. From / draw a 
par&Uel to F E and from h draw a parallel to B E giving point e. 
Proceed in a similar manner for the other sides. 

Method 8. — Trisect each side and construct the figure by apply- 
ing the principle of Prob. 63. 

Notes. — 1. Two other figures are given showing the application. The 
sides of both rectangle and triangle are reduced two-thirds. 

2. A figure may be reduced to any given size by Ihis method. 

FBOBLEM 118. — To make an enlarged drawing of a given figure. 

Let A B G D E F be the given figure. It is required to enlarge 
it so that AB may be equal to the given line a b. 

Draw AC, A E, AD and produce them. Set oE ab firom A. 
From b draw b c parallel to B C, and proceed as in the previous 
problem. , 

FBOBLEM 119.~To enlarge or rednce a drawing by means of a 
FBOFOBTIONAL SCALE. 

It is required to enlarge the given drawing so that A C shall 
equal 2} ins. 

Construct a proportional scale by drawing two lines at any angle 
to each other, set off a c equal to A C and a & equal to the required 
distance, 2} ins. Join cc\ Set off the distances Al, A 2, A3, 
A 4 on a c. From each point rule parallels to g & giving the pro- 
portionate distances for the new drawing. 

Draw the centre line 2} ins. long and on it set off the distances 
a 1', a 2', &c. Through a' and & draw perpendiculars. Set off A aj on 
a c and obtain a x' the width of half the door. Set this distance off 
on each side of a' and erect perpendiculars. Through \\ 2^ 3', 4' 
draw parallels. For the width of the panels set off A 5, A 6 on a c 
and proceed as before. 

To reduce a drawing proceed in a similar manner. The only 
difference will be that the gijoen dimensions will be set off on the 
longer line of the scale and the reqwi/red dimensions will be 
obtained from the shorter line. 

FBOBLEM 119a.— To reduce or enlarge a drawing by squaring. 
See Prob. 81. 
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TWSLEM 120.— To copy figures. 

The copying of given figures is an exercise of considerable ixa- 
portance in helping to form habits of accuracy and quickness in a 
draughtsman. The proper construction lines must be first obtained, 
and always in drawing symmetrical figures remember to set out the 
centre lines first. Several examples are here given, with the proper 
method of proceeding. 

Figore 1 represents a Qreek fret. It will be found that the 
pattern is formed upon ten equi-distant horizontal lines intersected 
by vertical lines forming squares. Draw the pattern in firmer line, 
keeping the shade line darker. 

Note.— The figure is given half size. The same method of constrnction 
most be employed when copying any fret. 

Figure 2. — Bule the parallels first. Draw the verticals, and with 
the 60^ set square obtain the equilateral triangles as shown. Keep 
the proper relation between thick and thin lines. Make your copy 
double the size of the given figure.1^ 

Figure 8. — Draw the figure to the dimenBions given. 

It will be seen that a square of 3^^ sides divided into 9 equal 
squares will contain the inner lines of the four squares of which the 
figure is composed. Draw the diagonals, and about each square 
describe another square at the required distance. In thickening, or 
inking in the pattern, be careful to notice the portions that overlap. 

Figure 4. — Draw the pattern to the dimensions given. As the sides 
of the small squares and the distances between them are equal, 
draw a line and set off 5 equal spaces of f '^ each. On this distance 
construct a square and divide it into 25 equal squares. 

To obtain the other lines divide the alternate squares as shown. 

Figure 5. — Draw the figure, making the centres of the circles IJ 
inch apart. Badius of the large circle f^^ of the smaller one i^\ 
Draw the centre line, set off the centres and describe the circles. 
For the centres of the connecting arcs describe equilateral triangles 
as showut 
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Figure 6. — Copy the double spiral, which is composed of semi- 
circles ^^ apart ; the diameter of the smallest semicircle is } in. 

Draw a line A B and set off 12 equal spaces of ^\ and with 
centres 8 and 9 describe three concentric semicircles above the line 
from 8, and below the line from 9. The centres for the connecting 
semicircles will be midway between % 8, and 9, 10. Describe the 
arcs which have equal radii before commencing the next. 

Figure 7, — Bule the horizontal and vertical lines as shown, and 
from each centre describe two concentric circles. The finished 
pattern should be thickened or inked in. Let the centres for each 
circle be %'' apart. 

Fignre 8. — Draw the fignre from the given dimensioiuL 

Draw a line A B and set off distances of |^ 1^^ f^ 1 J^ §'', 1 J^ 
i^^ Mark the centre for each of the circles aiid describe them» 
omitting the portions which are omitted in the copy. 

Note. — The given figure is drawn to a smaller soal& 

Figure 9. — Draw the fignre from the given dimensions. 

Conmience with the centre lines AB and CD. 

Set off on CD distances of J^ l'\ J^ \'\ J^ J^ J'^. Describe 
the circles. Set off \\l^ on each side of the centre of A B and draw 
the vertical lines E and F. Describe the semicircles and complete 
the figure. 
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19*016^— Any figures relating to the following ezeroises will be foimd on page 82. 

CHAPTER Vn 

1. Describe a circle 1 V radius, and from a point A, 8'' from its centre, draw 
a line touching the circle. 

2. Describe two circles with radii \l' and 1", having their centres 2^" apart. 
Draw a right line to touch both these circles. 

8. To a circle of 1'26" radius, draw two tangents which shall contain an 
angle of 60O. (iSc, 1871.) (Pro6. 72.) 

4. Describe a circle of 1^" radius, and draw tangents intersecting each 
other from two points in the circumference 100° apart. 

6. Describe a circle 1*6" radius. Draw a straight line 1*75" long within the 
circle. On this line construct an isosceles triangle having its vertical angle 
in the circumference of the circle. 

6. Draw a circular arc of large radius, and draw a tangent to it without 
finding the centre of the circle. 

CHAPTER Vm 

1. Construct a regular hexagon having its diagonal 8 inches. 

2. On a base of 1^' construct a regular heptagon. 

8. Describe a circle with a radius of 2*9". About it describe a regular 
nonagon. 

4. On a side of f' set up a regular octagon by means of the set square. 
6. In a circle of 8*6" diameter inscribe a regular pentagon. 

6. Construct a regular pentagon whose diagonal shall be 8". (£^e., 1870.) 
(Pro6. 90.) 

7. Construct a regular hexagon on a base of '76", and on the same base con- 
struct a similar hexagon having its side 1*25" long. (Pro5. 117.) 

8. Copy the hexagons (Fig. 1) which are drawn to a scale of f" to 1' 0", and 
make them V' to ro". (ilr*.) 

Note.— The figure Ib given half its proper size and the oonstmction lines are indicated. 

CHAPTER IX 

1. Construct a scale 5 ft. long, 1^ in. to 1 ft. to show inches. What is its 
representative fraction ? 

2. Construct a scale 2 inches to 1 yard to show 6^ feet. What is its re- 
presentative fraction ? 

8. The given line (Fig. 2) is 2 ft. 6 in. long. Produce it to measure 8 ft. 6 in 
(Art:) 

4. Convert A B 2 ins. long into a diagonal scale showing yj^ of the lina 
(^r<.) 

6. Construct a plain scale | in. to 1 ft., and mark upon it a distance of 
6 ft. 7 in. by the scale. {Ari) 



EXERCISES 6i 

6. Convert the given scale (Fig. 8) into a diagonal scale reading inches. 
State the representative fraction ol this scale. (Sc, 1889.) 

19'ote.— The first diviBion will require dividiiig into 10 equal parte, and twelve paral- 
lels must be ruled to obtain the inches. 

7. Construct a scale of chords on a radius of 4*26'' to read to 6^. By means 
of this scale plot an angle of 75^ {Se.^ 1889.) 

8. Given a scale of yards (Fig. 4). Deduce &om it a scale of feet to read to 
1' 0" and show 70' 0". 

N Ote.~The given scale is } its proper size and shows 20 yds. or 60 feet. Divide it 
into 6 equal parts, showing distances of 10 feet, and add one space on to obtain 70 feet. 
Subdivide the first part into 10 to obtain one foot. 

9. The line ah (Fig. 5) represents 8' 9". Construct a scale reading inches 
and showing 10' 0". The scale to be correctly figured. (j9c., 1886.) 

19'ote.— Draw a line at any angle from a, and set oil 3| to any unit. Divide a h and 
add the distance required as in Probe. 97 and 98. 

10. Construct a triangle with sides 10' 6", 14' 0", and 16' 8". Scale ^" to 
I'O". (5c., 1884.) 

Note.— First construct the scale. As divisions equal to ^ of }/' will be needed, a 
diagonal scale should be used* 

11. Transfer the given scale (Fig. 6) to your paper and complete it neatly, 
with figuring, &c. Write down the representative fraction {Sc^ 1888.) 

Note.— The scale measures 3*75'^ therefore its representative fraction will be 

,^ ■ ^' •. Beduce to lowest terms. 
50 yds. x3x 12 

12. Make a scale 6" long to read feet and inches. Fraction ^. (Sc^ 1882.) 

13. A length of 100 yds. is found to measure 8*6" on a drawing. What is 
the fraction of the scale ? Construct a scale to read yards, making it not less 
than 4 ins. long. (iSc, 1881.) 

14. Give the representative fraction of a scale on which 8^" represents 
2247' 0". Construct a scale of ^, reading inches. (8c., 1879.) 

15. Construct a scale of -^ showing yards. Scale to be properly figured 
and not less than 7" long. {8c., 1878.) 

N Ote.— 1 in. stands for 468 ins., that is 13 jrards. 

16. Construct a scale of -^ to read inches and show 10' 0". {8c.i 1877.) 
Note.— To find the length of the scale. If 19 feet be represented by 1 foot, what 

distance will be represented by 10 feet ? 19 ft : 10 ft. as 12 ins. : required length, 

19 vIO 

Whence required lengths , =6^ ins. Draw a line 6^ ins. long and divide it into 

10 equal parts showing feet. Subdivide the first unit into 12 equal parts showing inches. 

17. Draw a scale of 12*5 feet to 1 inch and give the fraction. {80., 1876.) 

18. A line 100 ft. long is represented on a drawing by a line 4" long. Make 
a scale of feet for the drawing and give the representative fraction. 

19. A line 50 yds. long is measured from A to B at right angles to a line 
joining A with another point C. The angle subtended by the line A C is found 
to be 47®. Find by construction the distance from A to C. Scale 20 yds. to 
an inch. 

20. Describe a circle of 1^' radius. Within it inscribe a regular nonagon 
by means of the sector. {Proh. 108.) 
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CHAPTER X 

1. On a base 2" long oonstruct a figure similar to the given figure (Fig. 7). 

2. Construct an irregular pentagon, sides 2^", 2", 1^", 1", and i''. The 
angle between the longest and shortest sides to be 100° and the diagonal join- 
ing the extremities of the two longest sides 2^". (First draw a rough sketch.) 

8. Draw any irregular four-sided figure, no side less than 1^". Construct 
a similar figure whose sides are \\ times those of the first figure. (Sc, 1879.) 

4. The tops of two vertical poles are 86' 0" apart. The poles are 40' 0" apart. 
The height of one pole is 12' 0". Determine the height of the other pole. Scale 
1" to 10' 0". (fife, 1879.) 

5. Draw a circle of 1'25" radius with centre O. The comers of the polygon 
inscribed in this circle are so that the angles at the centre are as follows : 
AOB=60°,BOC=70°,COD = 50° DOB = 80°,BOP = 60° Writedown 
the lengths of A B, B C, C D. (iSc, 1871.) 

6. Construct an irregular polygon from the following dimensions. Sides 
AB = 2",AP«r8". Diagonals, AD=8'6",AB«8". Angles, A BC=88° 
BAC=40°,BAD = 59°,BAE=118o, BAF=180°. 

7. Construct an irregular pentagon having its sides 2", 2J", 2|", 2^", 2|" 
respectively and with two of its angles right angles. 

8. Draw to a scale of 40 yds. to an inch an irregular polygon A B C D B F. 
AB«140yds.,B 0=118 yds., angle ABC=180°,OD=82 yds., AD=200 yds., 
D B = 188 yds., A B = 140 yds., B F = 67 yds., F A = 90 yds. 

Note.— A diagonal soale will be required, showing the inch divided into 40 parts. 

9. The sides of a quadrilateral figure A B O D are as follows : — ^A B ==1", 
B0 = 1", OD = li", D = li", and the diagonal BD = 14". Construct the 
figure and obtain a similar figure whose perimeter is 4". 

IfOte.— Find a fourth proportional to the perimeter of the constructed figure (4|'0* 
the perimeter of the required figure (4'0> and the sdde A B of the constructed figure (1'0< 
This will give the side of the required figure. Set off this distance on B A and proceed 
as in Prob. 117. 

10. The given figure (Fig. 8) represents a Maltese cross. Two dimensions 
and an angle are given. Draw the oioss from the figured dimensions to a scale 
ofii"tol'0". (fife, 1888.) 

Note.— The chief construction lines are indicated on the fiigure, which is drawn to a 
smaller scale. Commence with the inner square 5' 6'' side. Draw the diagonals and 
diameters of the square, and produce them. From the centre set off V 8" on each side and 
draw parallels. On each side of the diagonal produced set off 20^ From a draw a line 
parallel to the vertical diameter to meet the diagonals. Complete the figure as shown. 

11. Copy the given figure (Fig. 9), making the diameter of the cirde 4" and 
the width between the parallel lines i". 

Note.— Obtain the points as for the inscribed pentagon by using the protractor. 

12. Copy the figure (Fig. 10) to the dimensions given. 
Note.— Commence with the dotted lines. 
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CHAPTER XI 
CIBCLES TOUCHIKG LIKES AlTD CIBCLES 

FBOBLEM 121. — ^To describe a circle patting through a giyen point 
and tonching a given ttraight line in a giyen point. 

Let A be the given point, and B the point in the given straight 
line. 

At B draw B O perpendicular to the given line. Join A B. 

At A construct the angle OAB equal to the angle OB A. 
With centre O and radius O B describe the circle. 

19'ote. — ^The centre mast lie in the line B 0, because the given line wiU be 
a tangent to the circle. 

FBOBLEM 122. — To describe a circle patting through a given point, 
touching a given ttraight line, and having a given radiut. 

Let A be the given point, B the given Ime, and C the radius. 

Draw a line parallel to B and at a distance equal to 0. 

With centre A and radius equal to C intersect this line in O. 

With centre O and radius equal to describe the circle. 

FBOBLEM 128. — ^To detcribe a circle of a given radiut to touch two 
converging linet. 

Let AB and C D be the two lines and E the radius. 

At a distance equal to E draw lines parallel to A B and G D. 

From where the two parallels intersect, with radius equal to 
E, describe the circle. 

FBOBLEM 124. — To detcribe a circle touching three given ttraight 
linet which make anglet with each other. 

Let A B, A C, CD be the given lines. 

Bisect the angles at A and C by lines meeting at O. Draw 
O E perpendicular to C D. With centre O and radius E describe 
the circle. 

FBOBLEM 125. — To detcribe a circle touching two converging lines 
and passing through a given point between them. 

Let AB, AC be the two converging lines and D the given 
point. 

Bisect the angle B A C by the line A X ; the centre of the circle 
must lie in this line. From any point E draw E F perpendicular 
to AB and describe a circle touching A B and A C. Join A with 
the given point D. Draw E G, and from D draw D H parallel to 
G E. With centre H and radius H D describe the circle. 

FBOBLEM 126.— To detcribe a tuccetsion of circles touching each 
other and two converging lines. 

Let AB, A C be the two lines. Draw AD bisecting the angle 
BAC. 

Take any point E, draw E F perpendicular to A C and describe 
a circle touchmg the two lines. Draw G H tangential to the circle 
at J. 

Make GK equal to GF. From K draw KL parallel to FE 
for the centre of the next circle. Proceed in a similar manner for 
the other circles. 
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FBOBLEM 127. — ^To inscribe a circle in a triangle. 

Let A B C be the triangle. 

Bisect any two angles, and proceed as in 'Prob* 124. 

FBOBLEM 128.— To inscribe two equal circles in an isosceles 
triangle, toncbing eacb other and two sides of the triangle. 

Let A B C be the triangle. Draw the perpendicular A D divid- 
ing the triangle into two equal triangles. Find the centre O of the 
triangle A B D. For the centre of the other triangle join C E, and 
from O draw a line parallel to B C and meeting C E in P. From 
centres O and P describe the circles. 

FBOBLEM 129. — To inscribe three eqnal circles in an equilateral 
triangle, each touching one side and two circles. 

Let ABC be the triangle. Divide it into three equal 
triangles by bisecting the sides. Find the centre of the triangle 
DBG and inscribe a circle. Set off D 2, D 3 each equal to D 1. 
With centres 2 and 3 describe the circles. 

19'ote. — ^If paraUds to the sides of the triangle be drawn through 1, 2, and 
8, the angles 4, 6, and 6 of the triangle thus formed will be the centres for 
three more equal circles which may be inscribed in the triangle. 

FBOBLEM 180. — To inscribe four equal circles in a square, each 
touching one side and two circles. 

Let A B C D be the given square. 

Draw the diagonals and the diameters of the square. 

Find the centre of the triangle A OB as in the preceding 
problem, and inscribe a circle. Set off the centres as shown, and 
describe the circles. 

FBOBLEM 181. — To inscribe in any regular polygon as many equal 
circles as the figure has sides, each touching one side and two circles. 

Let the polygon in this case be a pentagon. 
Divide the figure into as many equal triangles as it has sides, 
and inscribe a circle in each triangle as in the preceding problems. 

FBOBLEM 182. — To inscribe three circles in ANT triangle, each 
touching one side and two circles. 

. Let ABC be the triangle. Bisect the angles at A and B by 
lines meeting at 0, and join O C. In each of the triangles thus 
formed inscribe a circle by Proh, 127. 

FBOBLEM 188.— To inscribe three equal circles in a hexagon, each 
touching one side and two circles. 

Draw the diameters of the figure. Produce two of these, and 
form a triangle as shown. Inscribe the circles. 

Note.— Problems 128 to 184 all depend on Problem 127. 

FBOBLEM 184. — To inscribe a circle in a square. 

Draw the diagonals to find the centre O. For the radius, draw 
OD perpendicular to the side. With centre O and radius OD 
describe the circle. 
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PROBLEM 135. — To ixiBcribe four equal circles in a square, each 
tonching two Bides and two circles. 

Draw the diagonals and the diameters of the given square. 
Draw the diagonals A B, B 0, C D, D A, giving the centres of each 
of the four squares. For the radius of the circles join E and F. 

PROBLEM 186. — To inscribe a circle in any regular polygon. 

Bisect two of its angles as in the given pentagon. O will be the 
centre, and O A the radius. 

Notes. — ^1. Bisecting two of the sides by perpendicnlars will also give the 
centre. 

2. If the polygon has an even number of sides, the radius must be found 
by drawing a line from the centre perpendicular to one of the sides. 

8. To describe a circle about the figure, O will be the centre and O B the 
radius. 

PROBLEM 187. — To inscribe a circle in a rhombus. « 

Draw the diagonals to obtain the centre. From O draw O A 
perpendicular to one of the sides for the radius. 

PROBLEM 138. — To inscribe a circle in a trapesion. 

Draw the diagonal A B. Bisect one of the other angles. The 
point O is the centre. For th^ radius draw a perpendicular to one 
of the sides. 

PROBLEM 139. — To inscribe three equal circles in an equilater^ 
triangle, each touching two sides and two circles. 

Bisect each of the angles by the lines A E, B D, and F, thus 
dividing the triangle into three equal trapezions. Bisect the angle 
F B, obtaining centre 1. Set off centres 2 and 8. To obtain the 
the radius join 1, 2. With centres 1, 2, 3 inscribe a circle in each 
trapezion. 

Note. — To inscribe in any regular polygon as many circles as the 
figure has sides, each touching two sides and two circles ; divide the polygon 
into as many equal trapezions as the figure has sides, and inscribe a circle in 
each as above. 

PROBLEM 140. — In ANY regular polygon having an even number 
of sides, to inscribe half as many equal circles as the figure has sides, 
each touching two sides and two circles. 

Let the given polygon be an octagon. Draw the diagonals. 
Inscribe a circle in the trapezion A B O. Set off the other centres, 
and proceed as shown. 

PROBLEM 141. — To inscribe a circle in a sector. 

Let A B C be the sector. Bisect the angle B A C by the line 
AD. Through D draw a tangent to meet AB, AC produced. 
Bisect one of the angles of the triangle thus formed. With centre 
O and radius O D inscribe the circle. 

PROBLEM 142. — To describe a circle to touch the arc of a sector 
externally and the two radii produced. 

Bisect the angle as before, and produce A D. Draw a tangent 
at D. Bisect the exterior angle at E by the line E O. With centre 
O and radius O D describe the circle. 
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PROBLEM 143. — To ixiBcribe AKT number of equal circles in a 
circle. 

Let it be required to inscribe four equal circles in the given 
circle. 

Divide the circle into twice as many sectors as circles required. 
In this case divide the circle into eight equal parts. (Use the 45° 
set square.) In the sector OAB inscribe a circle {Prob. 141). 
With centre and radius mark off the centres D, E, F, for the 
other circles. 

FBOBLEH 144. — To dewribe AITT number of equal circles about a 
given circle. Say six. 

Divide the given circle into twice as many sectors as there are 
circles required, and produce the diameters. At A draw a tangent B C. 

Bisect the exterior angle at 0. D is the centre for one of the 
circles. Set off the other centres and describe the circles. 

PROBLEM 145. — To describe about ANY re§nilar polygon as many 
circles as the polygon has sides, each touching one side and two circles. 

Let the given polygon be a hexagon. From each angle of the 
hexagon draw hues through the centre, and produce them both ways. 
Bisect the exterior angle at A by the line AG. will be the 
centre for one of the circles. Set off the centres, and proceed as in 
the preceding problem. 

Note.— Circles may be described about a triangle or a quadrilaterid by 
applying the same principles. 

PBOBLEH 146. — To describe a circle having a given radius, and 
touching another circle either externally or internally in a given 
point. 

Let A be the given radius, and B the point in the given circle. 
Find the centre 0. Draw B and produce it. Set off B 1 and B 2 
equal to the given radius A. The circle described from 1 will touch 
externally, that from 2 internally. 

FBOBLEH 147. — To describe a eirole touching a given circle at a 
given point and passing through another given point either within or 
without the circle. 

1st. Let A be the given point in the circle, and B the given point 
tuithin the circle. Find the centre of the given circle and join 
OA. Draw A B and bisect. 

The point 0, where the bisecting line intersects the radius O A, 
is the centre for the required circle. 

2nd. Let A be the given point in the circle, and B the given 
point without. 

Proceed as in the first case, the bisecting line meeting A 
produced. 

FBOBLEH 148. — To describe a circle touching a given circle and a 
given straight line, and having a given radius. 

Let A be the given radius and B C the given line. Draw a line 
parallel to B C at a distance equal to A. Find the centre O of the 
given circle. Draw any radius 1 and produce it. Set off 1 2 
equal to A. With centre O and radius O 2 intersect the parallel 
line in 3. With centre 3 and radius A describe the circle. 
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PROBLEM 149. — To describe a circle tonching a given circle in a 
given point, and also toncliing a given straight line. 

1st. Externally. Let A be the given point, and B C the given 
straight line. Find the centre D of the given circle. Join D A and 
produce it. At A draw a tangent A E to the circle. Set off E F 
equal to E A. At F draw F O perpendicular to B 0. is the centre 
for the required circle. 

2nd. To include the given circle. Draw the radius D A, and 
produce it in the opposite direction. Draw the tangent A E. Set 
off E F equal to E A. Draw F perpendicular to F E, and from 
centre with radius F describe the circle. 

PROBLEM 150. — To describe a circle which shall touch a given 
circle and a straight line at a given point. 

1st. Externally. Let A be the point in the given line. 

Find B the centre of the given circle, drawB perpendicular to 
the given line, and produce it to D. At A draw a perpendicular. 
Draw DA cutting the circumference of the circle in E. From 
B through E draw a line meeting the perpendicular in F. With 
centre F and radius F A describe the circle. 

2nd. To include the given circle. Find the centre B, and draw 
the perpendiculars from B and A as before. Join A D, and produce 
to cut the circumference in E. Draw E B, and produce to meet the 
perpendicular in F. With centre F and radius F A describe the circle. 

PROBLEM 151. — To describe a circle of a given radius, touching 
two given circles externally. 

Let A be the given radius. Find the centres B and C of the 
given circles, draw radii B D, E and produce them. Set off D F, 
E G equal to A. With centre B and radius B F describe an arc. 
With centre and radius G intersect in 0. With centre O and 
radius A describe the circle. 

19'ote.— If the arcs were continued, the centre for another circle would be 
obtained. 

PROBLEM 152. — To describe a circle of a given radius, touching 
two given circles and including them. 

Join the centres of the given circles and produce each way. 
Set off D E and F G equal to the given radius A. With centres 
B and 0, and radii B E and C G describe arcs intersecting in O. 
With centre and radius A describe the circle. 

19'ote. — As in the preceding problem, two circles may be described. 

PROBLEM 153. — To describe a circle to touch two given circles, 
one of them in a given point. 

Ist. To include both circles. Find the centres B and C. Join 
AB and produce it. Make AD equal to OE, the radius of the 
other circle. Draw CD and bisect. O will be the required centre, 
and A the radius. 

2nd. To include one circle. Find the centres. Draw A B, and 
produce it both ways. Set off A D equal to the radius of the other 
circle. Join D 0, and bisect it. With centre O and radius O A 
describe the circle. 
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FBOBLEH 154. — To describe tliree circles tonching each other, 
their radii being giyen. 

Let A| B, be the radii. Draw any line and from the extremity 
A set off A G, B equal to A and B, and describe two of the circles. 
Set off E, C D equal to 0. From centres A and B with radii 
A D and B E describe arcs intersecting in O. With centre O and 
radius describe the third circle. 

PROBLEM 155. — To describe three circles touching each other, the 
position of their centres being given. 

Let A, B, C be the centres of the circles. Join the points, and 
find the centre of the triangle thus formed. From this centre draw 
a perpendicular D E to one of the sides. 

With centre B and radius B E describe a circle. With centre 
C and radius E describe the second circle. With centre A and 
radius A F describe the third circle. 

19'ote. — The centres most not be in the same straight line. 

PROBLEM 156. — To inscribe within a giyen circle two other dreles 
of giyen radii, touching each other and the giyen circle. 

Let A and B be the given radii. Draw the diameter, and find 
the centre F of the given circle. Set off D equal to A, and 
describe one of the circles. From points E and J set off E G and 
J H equal to B. With centre D and radius D G describe an arc. 
With centre F and radius F H intersect the arc in 0. With centre 
O and radius B describe the other circle. If the arcs be continued 
on the other side of C J, the centre for another circle will be 
obtained. 

PROBLEM 157. — ^To describe a circle which shall pass through two 
given points and touch a given circle. 

Let A and B be the two given points. Describe any circle 
passing through A and B, and cutting the given circle in points 
and D. Draw D to meet A B produced in E. From E draw a 
tangent iE F to the given circle {Frob, 69). F will be the point 
where the described circle will touch the given circle. Describe a 
circle passing through the points A, B, and F. 

PROBLEM 158. — To describe a circle which shall pass through two 
given points and touch a given straight line. 

1st. When the line joining the two points is parallel to the given line. 
Join the two given points A and B. Bisect A B by a perpendicular 
line meeting the given straight line in C. Draw A and bisect it. 
With centre O and radius O C describe the circle. 

2nd. When the line joining the two points is at an angle to the 
given line. 

Join the points A and B, and produce the line to meet the given 
line in the point C. Find a mean proportional between A and 
B by bisecting A B, describing a semicircle with D C as radius, 
and drawing the perpendicular A E. Make C F equal to A E. At 
F draw the perpendicular F O to meet the perpendicular from D. 
With centre O and radius F describe the circle. 
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PROBLEM 159. — From a giyen point without a cirele to draw a 
straight line catting the cirenmference in two points, so that the seg- 
ment intercepted between the two points shall eqnal a giyen distance. 

Let A be the given point and B the given distance. 

From a point in tne circumference set 'off D equal to B, and 
draw the chord D. Find the centre O of the given circle, and 
from it draw E perpendicular to D. With centre O and radius 
O E describe a circle. From A draw A G touching the described 
circle. Then F G will equal the given distance B, because all chords 
of a circle equidistant from the centre are equal. (Euc. m. 14.) 

PROBLEM 160. — Bescribe a circle of 1*25^^ diameter touching each 
pair of adjacent lines oa, o&, oc, od^ produced if necessary. Bescribe 
two circles touching the three circles. 

Describe a circle touching each pair of lines, having a radius of 
I'" by Problem 123. The only two circles that can touch the three 
are the circles touching them externally and internally. 

From o draw a line passing through the centre of one of the 
circles. With centre o and radii o e, of describe the circles. 

Notes — 1. If the angles between each pair of adjacent lines are unequal, 
then find the centre for the touching circles by bisecting the lines joining the 
centres of the circles. The point where the two bisecting lines meet will be the 
centre. 

2. In working problems of a similar character to Problems 14&-160, the 
following facts should be constantly borne in mind : 

a. * If two circles touch one another either internally or externally, the 
straight line, or the straight line produced, which joins tiieir centres passes 
through the point of contact.' (Euc. ui. 11 and 12.) 

b. ' Equal straight lines in a circle are equally distant from the centre ; and 
those which are equally distant from the centre are equal.' (Euc. m. 14.) 

c. * If a straight line touch a circle, the straight line drawn from the centre 
to the point of contact is perpendicular to the hue touching the circle.' Also 
the conyerse of this. * If a straight line touch a circle, and from the point of 
contact a straight line be drawn at right angles to the touching line, the centre 
of the circle shall be in that line.' (Euc. in. 18 and 19.) 

8. There is a large yariety of problems of this kind, and in cases of difficulty 
a sketch of the required figure should be made, assuming it to be completed. 
Then by working backwards step by step, endeavour to find out what principles 
must be used to secure this result. 

PROBLEM 161. — The given figure is made up of circular arcs, all of 
f' radius. Draw it foU siie. (Sc. 1889.) 

First draw the equilateral triangle ABC of If sides. With 
centres A, B, C and radius |'^ describe arcs intersecting at D, E, F, 
giving three of the centres. The points a, &, c are obtained in 
each case by describing two circles tangentiAl to those already 
obtained. Join the points D, E, F, and produce the lines each way. 
Set off on each line }'' as shown, and from the centres thus obtained 
describe arcs completing the figure. 

PROBLEM 162. — Braw the given geometrical pattern. 

Describe a circle of 8i" diameter. From the extremity of the 
diameter set off ^ and describe the inner circle. Divide the cir- 
cumference into six equal parts, and draw the diameters. From a 
set off 1^^' and describe one of the smaller circles. Set off the 
centres for the other two inner circles and describe them. From 
the same centres describe the remaining circles. Omit the parts 
where the lines are not continuous. 
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PROBLEM 168. — Braw the geometrical pattern shown, adhering* 
strictly to the figured dimensions, and showing the construction lines. 

It will be seen that the figure is formed by six equal circles, each 
touching two other circles. But when six equal circles are inscribed 
in a circle, a seventh equal circle may always be inscribed touching 
the six circles intemaUy. The problem then resolves itself into 
describing a circle of f '^ radius, placing six equal circles about it 
{Fr6b> 144), and omitting those portions of the circles which are not 
needed. Describe a circle of \'^ radius, divide its circumference 
into 12 equal parts. Find the centres for the circles, and com- 
plete as shown. 

Note. — ^Problems 161-168 indicate a few of the numerous ways in which 
the preceding problems on circles may be applied. 

PBOBLEM 184. — To inscribe a semicircle in an isosceles triangle. 

Bisect the angle A C B by the line C D. Bisect the angle C D B 
by the line D E. 

Draw E F parallel to A B, and on it describe a semicircle. 

PROBLEM 185. — To inscribe three equal semicircles in an equilateral 
triangle having their diameters a^acent, and each touching one side of 
the triangle. 

Bisect each angle of the triangle by the lines AD, BE, 
and OF. 

Bisect the angle CFB by the Hne FG. From G draw G J, 
G H parallel to A B, B C. Join J and H. On the lines H G, G J, 
J H describe semicircles forming a trefoil of semicircular arcs. 

PBOBLEM 188. — To inscribe four equal semicircles in a square, 
having their diameters adjacent, and each touclting one side of the 
square. 

Draw the diagonals and diameters of the given square. Bisect 
one of the angles at A, and obtain the inner square. Describe a 
semicircle on each side of this square, forming a quatrefoil of semi- 
circular arcs. 

PBOBLEM 187. — To inscribe within any regular polygon as many 
semicircles as the figure has sides, each touching one side and having 
their diameters adjacent. 

Let ABODE be the given polygon, in this case a pentagon. 
Divide the polygon into equal isosceles triangles. Inscribe a semi- 
circle in each as before, forming a dnquefoil of semicircular arcs. 

Notes. — 1. In Problems 165-173 notice that the foiled figures are made by 
semicircular arcs. In Problems 174-177 they are formed by tangential arcs. 
The problems relating to the inscription and circumscription of circles and 
foiled figures are exceedingly useful in geometrical design, as they furnish 
the leadmg lines for window tracery and ornamental forms of various kinds. 

2. Problems 165-168 depend upon the same principles of construction as 
those used in Problem 164. 
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PROBLEM 168. — To inscribe any number of equal semicircles in a 
circle, haying their diameters adjacent, and each touching the circum- 
ference. 

Divide the circumference of the given circle into twice as many 
parts as there are semicircles required. (In this case four.) Draw 
the diameters. Draw a tangent at A and bisect the angle. Set off 
the distance B on the alternate diameters, and draw the square. 
On each side of the square describe a semicircle. 

PBOBLEM 169. — ^To inscribe a semicircle in a square. 

Draw the diagonals of the square, and on one of them A B 
describe a semicircle. From O the centre of the square draw O G 
at right angles to the side of the square. Draw F, and from D 
where the line C F cuts the side of the square draw D E parallel to 
C O. Through E draw a line parallel to A B, and on it describe the 
required semicircle. 

PROBLEM 170. — To inscribe four equal semicircles in a square, 
having their diameters a^acent, and each touching two sides of the 
square. 

Draw the diagonals and diameters of the given square, and 
inscribe a semicircle in one of the four squares thus obtained by the 
preceding problem. Complete the inner square, and describe a 
semicircle on the other three sides. 

PBOBLEM 171. — To inscribe a semicircle in a trapesion, or kite. 

Draw the diagonals of the given figure. On A B, the shorter 
diagonal, describe a semicircle. From draw O perpendicular to 
the side of the trapezion. Draw OF, and from J) draw DE 
parallel to O. Through E draw a line parallel to A B, and upon 
it describe the required semicircle. 

PBOBLEM 172. — To inscribe three equal semicircles in an equilateral 
triangle, having their diameters a^'acent, and each touching two sides 
of the triangle. 

Bisect each angle of the triangle by lines dividing the triangle 
into three equal trapezions. Inscribe a semicircle in the trapezion 
A F B G by the preceding problem. Complete the inner equilateral 
triangle, and upon the otiier two sides describe semicircles. 

PBOBLEM 178. — To inscribe in any regular polygon a number of 
equal semicircles, having their diameters adjacent, and each touching 
two sides of the polygon. 

Let the given polygon be a regular hexagon. Draw the dia- 
meters and diagonals of the figure, cutting it into six equal trapezions, 
and inscribe a semicircle in each, as shown. 

Ifl'otes. — 1. Problems 170-178 depend upon the same principles of con- 
struction as those used in Problem 169. 

2. Notice that in all cases the line joining the points C and F is drawn 
from C to the angle of the quadrilateral which is opposite to the semicircle 
described upon A B. 
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PBOBLEX 174. — To describe a trefoil of tangential ares, the radins 
of the arc being given. 

Construct an equilateral triangle having each of its sides doable 
the given radius. From each angle with the given radius describe the 
arcs. 

PROBLEM 175.— To describe a qoatrefoil of tangential arcs, the 
radins being given. 

Construct a square having each of its sides double the given 
radius and describe the arcs as shown. 

Note. — ^The same principle may be employed in the oonatruction of all 
foiled figozes formed by tangential arcs. 

PROBLEM 176. — ^Abont any regnlar polygon, to construct a foiled 
figure of tangential arcs. 

Let the given polygon be a regular hexagon. Bisect one side to 
obtain the radius, and proceed as in the preceding problems. 

Note. — These problems are identical with the problems connected with 
the describing of a number of equal circles each teaching two others. For 
example, in Problem 140, if the centres of the circles be joined, and the portions 
of the circles enclosed by the square thus formed be removed, we have the 
figure of Problem 175 inscribed in an octagon. 

PROBLEM 177.— To draw the given geometrical pattern to the 
figured dimensions. 

The inner arcs are identical with Pro5. 176. Construct a 
hexagon having each side double the given radius {^'% and from 
each angle describe the tangential arcs. From the same centres 
with a radius of ^' describe the outer arcs. 



CHAPTER Xn 

THE nrSGRIPTIOH AND CIRCTJM8CRIPTI0H 07 EECTILIHEAL 

FI0URE8 

PROBLEM 178. — ^To inscribe or describe an equilateral triangle in 
or about a circle. 

Draw a diameter A B, and find its centre. Set off A C, AD 
equal to the radius. Draw B C, B D, C D. 

For the triangle about the circle find the points of the inscribed 
triangle, and through each draw a parallel to the opposite side. 

PROBLEM 179. — To inscribe or describe a square in or about a 
circle. 

Draw two diameters at right angles to each other, and join the 
ends. For the square about the circle, with centres A,B, C,D, 
and radius A 0, describe arcs intersecting without the circle and 
join the points ; or through the points A, B, C, D draw parallels to 
the diagonals. 
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PBOBLEK 180. — To inseribe an eqnilateral triAiigle in a iqnare. 

Draw the diagonal AB. On AB construct an equilateral 
triangle. From C draw CE, CD, parallel to the sides of the 
triangle. Join D and E. 

PBOBLEK 181. — To inaeribe an eqnilateral triangle in a pentagon. 

Find B, the middle point of one side, and join it with A, the 
opposite angle. On each side of A B constnict an angle of 30° 
(Froh. 33), and join C D. 

Notes. — 1. This method may be applied to the square by making an angle 
of 80° on each side of the diagonal. 

2. The triangle may also be obtained, as in Problem 180, by describing an 
equilateral triangle on £ F, and drawing parallels from A. 

PBOBLEK 182. — To describe an eqnilateral triangle abont asqnare. 

On one side AB of the given square describe an equilateral 

triangle ABE. Produce E A, E B to meet the side C D produced. 

PBOBLEK 188. — ^Abont a given sqnare to describe a triangle similar 
to a given triangle. 

Let A B D be the given square and E F G the given triangle. 
This problem depends upon exactly the same principle as the pre- 
cedmg. On A B construct a triangle similar to the triangle E F G. 
Produce the sides to meet C D produced. 

PBOBLEK 184. — ^Abont a given triangle to describe another triangle 
similar to a given triangle. 

On AB construct a triangle similar to the triangle D E F. 

Through C draw a line parallel to A B, and produce G A, G B to 
meet it. 

PBOBLEK 185. — ^Within a given triangle to inscribe another 
triangle similar to a given triangle. 

On A 0, a side of the given triangle, construct a triangle similar 
to the triangle D E F. Draw G B. From H draw H J and H K 
parallel to G and G A. Join J K. Then H J K is the required 
triangle. 

PBOBLEK 186. — ^Within a given circle to inscribe a triangle 
similar to another triangle. 

At any point D in the circumference of the given circle draw a 
tangent. Make the angle E D F equal to the angle ABO, and 
the angle GDH equal to the angle BOA. Join FH. Then 
D F H is the required triangle, the angle at F being equal to the 
angle at 0, and the angle at H to the angle at B. (Euc. iv. 2.) 

PBOBLEK 187. — ^Within a given circle to inscribe a qnadrilateral 
fignre similar to a given one. 

Note. — ^A qnadrilateral fignre can only be inscribed in a circle when the 
Gnim of the opposite angles equals two right angles. 

Let the given quadrilateral have angles of 100**, 70**, 80°, and 110**, 
as shown. 

Through any point E draw a tangent F G. Make the angle 
HE G equal to the angle A D 0, G E J equal to CAB, and FE K 
equal to A D. Draw J H, H K. 
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PBOBLSK 188.~A1>6ut a given circle to deicribe a triangle limilar 
to a given triangle. 

Produce the base A B of the given triangle. Find l^e centre O 
of the given circle, draw any radius O G, and produce it. Gonstruct 
the angle F OG equal to the exterior angle C BD, and the angle 
HOQ equal to the exterior angle C A£. Produce OH, O F, and 
draw tangents as shown. (Euc. iv. 8.) 

Note.— Angle FOG+angle FJG=angle GBD+angle C B A=two 
right angles, because the angles at F and G are right angles. 

PBOBLEM 189.— In a given sqnare to inseribe an isotcelei triangle, 
the base being given. 

Draw the diagonals A C and B D of the ^ven square, and on 
A C set off A F equal to the given base E. Draw F G parallel to 
AB and GH parallel to AF. Draw DH and D G. 

Note.—GH=AF. (Euc. i. 84.) 

PBOBLEM ISO.^To describe a sqnare abont an isosceles triangle. 

Bisect the base B C of the given triangle by the line A D. On 
BC describe a semicircle. Then AD will be a diagonal of the 
required square. Draw D C and D B of indefinite length, and from 
A draw parallels to meet them. 

PBOBLEM 191. — ^In a given hexagon to inscribe an isosceles triangle, 
the base being given. 

Draw the diagonal A B of the given hexagon. Draw C D, one 
of the diameters, at right angles to AB. Set off DF equal to E. 
Draw FG parallel to B D, and GH parallel to C D. Draw AG 
and AH. 

PBOBLEM 192.— Within a given circle to inseribo an isosceles 
triangle, the base being given. 

Draw two diameters of the given circle, AB and CD, at right 
angles to each other. Make O F equal to half the given base E. 
Draw F G parallel to AB, and G H parallel to CD. Draw AG 
and AH. 

Note. — ^A similar method may be used for inscribing an isosceles triangle 
in a square, rhombus, or polygon. 

PBOBLEM 198. — To inscribe a square in a triangle. 

Draw C D perpendicular to A B. From C draw C E parallel to 
AB and equal to CD. Draw A E. From F draw FG parallel 
to AB, and F H parallel to C D. From G draw G J parallel to 
C D. Then G F H J is the required square. 

PBOBLEM 194. — ^To inscribe a sqnare in a trapesion. 

Draw the diagonals A B, C D. Draw C E parallel to A B, and 
equal to C D. Draw A E. From F draw F G parallel to A B, and 
FH parallel to CD. From G draw G J parallel to CD, and join 
J andH. 

PBOBLEM 195. — To inseribe a sqnare in a pentagon. 

If two sides of the pentagon be produced until they meet, a 
trapezion will be formed. The same construction as in Ftob. 194 
will then apply. 
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PBOBLSK 196. — ^Tcuinseribe a sqnare in a sector. 
Join B and C. Draw C D perpendicular to C B and equal to it. 
Draw AD, and from E draw EG parallel to BC, and £2 F 
parallel to CD. 

Draw GH and F H parallel to EF and EG. 

FBOBLEM 197. — ^To inseribe a square in a segment. 

Bisect the chord A B of the segment. Draw B D equal to A B 
and perpendicular to it. \^Draw D 0. From E draw E F parallel to 
B D and E G parallel to A B. Draw G H parallel to E F. 

FBOBLEM 198. — ^Witliin a given square to inseribe another sqnare, 
one angle to toneh a side at a g^ven point. 

Let A be the position of one angle. Draw the diagonals of the 
given square. 

With centre O and radius OA describe a circle. Join the 
points A, B, C, and D. 

Note.— If the length of the diagonal be given, proceed in a similar manner, 
taking half the given diagonal as radius. 

PROBLEM 199. — To inscribe a sqnare in a rhombns. 
Draw the diagonals, and bisect the angles thus formed. 
Join A, B, C, and D. 

FBOBLEM 800. — To inscribe a sqnare in a hexagon. 
Draw the diagonal AB, and bisect it at right angles by the 
diameter D. 

Complete as in the preceding problem. 
Note. — To inscribe a square in an octagon, join the alternate comers. 

FBOBLEM 201. — To inscribe a rhombns in a parallelogram, having 
one of its angles at a given point. 

Let A be the given point. Draw the diagonals of the parallelo- 
gram. 

From A draw AB passing through the centre O of the 
parallelogram. 

Bisect AB by a line CD at right angles to it. Draw AC, 
CB, BD, andDA. 

FBOBLEM 802.— To inseribe a regnlar hexagon in an eqnilateral 
triangle. 

Bisect each of the angles of the given triangle by the lines A E, 
B F, and C D. With centre O and radius O A describe a circle. 
Draw D E, E F, and F D. 

FBOBLEM 203. — Within a given triangle to inscribe a rectangle, 
the length of one side being given. 

Let ABC be the given triangle and D the given side of the 
rectangle. 

Set ofif A E equal to D. Draw E F parallel to A C. 

From F draw FG parallel to AB. Draw FH and G J per- 
pendicular to AB. 



INSCRIPTION OF RECTILINEAL FIGURES 89 



PfiOB. 196. 




Pbob. 197. 




198. 




Prob. 199. 





Pbob. 201. 





Pbob. 203. 




H B 



90 PLANE AND SOLID GEOMETRY 

FBOBLEK 204.— Within any given qnadrilatersl to inseribe a 
parallelogram, liaying given the petition of one angle. 

Let E be the position of one angle. Draw the diagonals A C, 
BD. Draw EF parallel to AC, EH and FG parallel to BD. 
Join Q and H. EF QH will be the required parallelogram. 



FBOBLEK 205.— Within any given qnadrilateral to inseribe a 
parallelogram, having given the length of one side. 

Let E be the length of one side. Draw the diagonals A 0, B D. 
On one of them set off A F equal to E. 

From F draw F H parallel to A B. Draw H G parallel to A 0, 
HK and G J paraUel to BD. Join JK. 

NoteB.— 1. G H= A F. (Euc. i. 84.) 

2. The same constraction will apply for inscribing a rectangle in a square, 
rhombusi or trapezoid. 



FBOBLEK 206. — Within a given triangle or any regular polygon 
to inseribe another similar figure, having its sides parallel to and 
equidistant firom those of the given figure, the length of one side 
being given. 

Let AB C be the given triangle, and D the length of one of the 
sides of the required triangle. Bisect the angles and obtain the 
centre E. Set off AF equal to D. Draw FG parallel to AE, 
GH parallel to AB, H J parallel to AC, and G J parallel to BC. 

Note. — The constmction for the'inecripiion of a hexagon within a hexagon 
is also shown, A being the length of one side of the inscribed figure. 



FBOBLEK 207.— About a given triangle or any regular polygon to 
describe another similar figure, having its sides parallel to and equi- 
distant from those of the given figure, the length of one side being 
given. 

Let A B C be the given triangle, and D the length of one of the 
sides of the required triangle. 

Find the centre as before, and produce the lines bisecting the 
angles. Produce A B, and from A set off AF equal to D. Draw 
F G parallel to A E, G H parallel to A B, H J parallel to A C, and 
G J parallel to B C. 

Note. — The construction for the description of a square about a square is 
also shown. 
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S3GERCI8ES 

CHAPTER XI 

1. To desoribe a circle touching two lines and passing through a point be- 
tween them. {AH,) (Pro6. 126.) 

2. Describe a circle of 8" diameter, and vrithin it inscribe six equal semi- 
circles. {Art.) 

8. Describe two circles touching each other and having radii of 1" and |" 
respectively. Draw a tlurd circle having a radius of \l' to touch the other two 
circles. {Art.) {Prob. 152.) 

4. Within a given equilateral triangle of 8" sides inscribe Uiree equal semi- 
circles, having i^ir diameters adjacent and each touching one side of the 
triangle. {Art.) 

5. Within a given circle ci 1^" radius inscribe four equal circles. {Art.) 

6. Within a square of 2 J" sides inscribe four equal semicircles each touch- 
ing two sides of the square. {Art.) 

7. Within a square of 2^" sides inscribe four equal circles, each touching 
two sides and two circles. {Art.) 

8. Describe a circle of f " radius which shall touch a given circle and a 
given straight line. {Art.) {Prob. 148.) 

9. Construct a quatref oil of tangential arcs of i" radius* {Art.) 

10. Describe a circle to enclose two other given circles. {Art.) 

11. Describe a triangle with sides of 8", 2", and 2^" respectively, and within 
it inscribe three circles each touching one side and two circles. {Prob. 182.) 

12. Within a given isosceles triangle inscribe two equal circles touching 
each other and two sides of the triangle. {Art.) 

18. Two parallel lines A B, C D are 2" apart and Ih" long. Describe a 
circle to pass through points A and B and touch C D. {Art.) 

14. Within a given pentagon inscribe five tangential arcs each touching two 
sides of the pentagon. {Art.) {Note^ Prob. 189.) 

15. About a square of 1'' sides describe four equal circles each touching a 
side of the square and two circles. {Art.) {Prob. 145.) 

16. Describe a circle |" radius to pass through a point A and touch a given 
straight line. {Art.) 

17. Construct a rhombus of 2|" sides and within it inscribe four equal 
circles each touching one side and two circles. 

18. Describe a triangle about a circle of 1'' diameter, having angles of 80° 
and 106°. 

19. About a circle of ^" radius place five equal circles each one touching 
two others and the given circle. 

20. Draw two right lines meeting at an angle of 88^. Describe a circle 
of f' radius to touch these lines. {Sc, 1877.) 

21. Draw three equal circles of '75" radius, each touching the other two. 
(flfc.,1870.) ^ 

22. Two circles of 1" and 5" radius respectively have their centres 2*6" apart. 
Draw a circle of 1*5" radius to touch both, but to contain the smaller one 
{Sc, 1871.) {Prob. 168.) 

23. Draw three circles, each touching the other two, their radii being '6", 
•76", and 1", respectively. (5c., 1876.) {Prob. 154.) 

24. Construct an equilateral triangle of 2^" sides. On each side as diameter 
describe a circle. Circumscribe the three circles by a circle. {Sc, 1877.) 

25. Describe a circle of 2^" radius touching two given circles of V and |" 
"tdiuB, and having their centres 2^" apart. {8o., 1877.) 
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26. Inscribe a circle in a rhombus of 2" side and 2^ diagonal. (5c., 1878.) 

27. Draw three circles of 1", 1*25" , and I'b" diameter, each touching the 
other two externally. Draw a circle which shall be touched internally by the 
largest and smallest of these three circles. {8c.<, 1881.) {Proh. 162.) 

28. Draw two circles touching the same straight line at points 2'6" apart 
and touching one another, the radius of the smaller circles to be 1". {SCf 1882.) 
{Froh, 160.) 

29. Construct a square of i.\" side, and place in it four equal circles, each 
touching one side and two diagonals. (jSc, 1888.) 

30. Draw two lines cutting each other at 67°, and describe four circles of 
2J'' diameter, each touching both lines. (iSfc, 1888.) 

31. Describe a circle passing through two given points a and h and touching 
a given line c d. The line joining a 6 is not parallel to c <2. (jSc, 1884 j 
(Proh. 168.) 

32. Describe a circle passing through a point ji and touching a line a 5 in 
a given point c. (fife, 1886.) ^roh. 121.) 



CHAPTEB Xn 

I. Draw a triangle and within it inscribe a square. 

* 2. Within a square of 2" sides inscribe the largest possible isosceles tri- 
angle having its base \[' long. {Art,) {Proh. 189.) 

3. Draw a trapezion vrith sides of 1" and 2" respectively, and within it in- 
scribe a square. {Art^ 

4. Within a square of 2" sides inscribe the largest possible equilateral 
triangle. {Art.) 

6. About a regular pentagon of 1" sides describe a similar figure, having its 
sides parsJlel and equidistant to those of the given figure, and 1^" in length. 
{Art.) 

6« Within an equilateral triangle of 8" sides inscribe a similar figure, base 
1*". (irt) 

7. About a circle of 1^" diameter describe an equilateral triangle. {Art^ 

8. Within a circle of 1^" radius inscribe a triangle having angles nf 80^ 
and 60°. {Art.) 

9. Construct a parallelogram, sides 2^" and 1|", included angle 60°, and 
within it inscribe a rhombus having one angle touclung one side of the paral- 
lelojjram at a point ^" from one of the comers. {Art.) 

10. About an isosceles triangle describe a square. {Proh. 190.) 

II. Within a given circle of 8" diameter inscribe an isosceles triangle having 
its equal sides 2^" long. {Art.) 

12. Construct an isosceles triangle, the two equal sides to touch the circum- 
ference of a given circle at two given points A and B ; the angle made by 
the radii from A and B to be 100°. 

13. Draw a triangle two of whose angles are 50° and 65°, and the radius of 
the inscribed circle 1". (Sc, 1870.) 

14. Within a square of 8'' sides inscribe an octagon, so that the alternate 
sides of the octagon shall coincide vrith the sides of ^e square. {8c.^ 1871.) 

15. Construct a quadrilateral base 8", base angles 90° and 75°, sides ^" and 
2!'. Within it inscribe a parallelogram having a side of 2". 
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CHAPTER XIII 
ASEA8 

Beiore oommencing the problems on areas, the following prin- 
ciples should be thoroughly understood ; and it will be of consider- 
able service to the student to go through Euclid*s demonstrations 
of these principles : — 

1. The area of a plane figure is the amount of surfEbce enclosed 
by its boundary, or perimeter. It depends upon both the shape and 
the perimeter of the figure. 

2. FaraUelograms upon the samo base, and between the same 
parallels, are equal. (Euc. i. 85.) 

ABOD = ABDE. (Fig. 1.) PGHJ = FOKL. (Fig. 2.) 
8. Parallelograms upon equal bases, and between the same parallels, 

are equaL (Euc. i. 86.) 

MNOP:==QItST, because each of them is equal to M N S T. 

(Fig. 8.) 

4. Triangles upon the same base, and between the same parallelss 
are equal. (Euc. i. 87.) 

ABC = ABD. (Fig. 4.) 

5. Triangles upon equal bases, and between the same parallels, 
are equal. (Euc. i. 88.) 

ABC = DEF. (Fig. 6.) 

6. If a parallelogram and a triangle be upon the same base and 
between the same parallels, the parallelogram shall be double of 
the triangle. (Euc. i. 41.) 

ABCD = twiceABC. (Fig.6.) EFGH = twiceEFJ. (Fig. 7.) 

7. The square on the hypotenuse of a right-angled triangle is 
equal to the sum of the squares on the other two sides. (Euc. i. 47.) 

The sq. CBDE -^ thesq. ABFG + the sq. AH JC. (Fig. 8.) 
Note. — The same principle applies to other figures oonstmcted upon the 
sides of a right-angled triangle as long as they are similar. (Euc. vi. 81.) 

8. The area of a triangle is equal to the area of a rectangle upon 
the same base, but having half the altitude. 

Triangle A B C = rectangle ABEF. AE^^CD. (Fig. 9.) 

9. Parallelograms and triangles upon the same base have their 
areas in the same ratio as their altitudes. 

ABEF = twiceABCD, because the altitude B E = twice the 
altitude BG. (Fig. 10.) 

A B D = three times ABC, because the altitude D E » three 
times the altitude C E. (Fig. 11.) 

10. Parallelograms and triangles of the same altitude are to one 
another as their bases. (Euc. vi. 1.) 

EBFG = }ABCD, because EB« f AB. (Fig. 12.) 
DBE = ^ ABC, because DB = ^AB. (Fig. 18.) 

11. The areas of similar figures are proportional to the squares 
on their homologous, or corresponding, sides. (Euc. vi. 19, 20.) 

ABODE :FGHJK as AB«:FG». (Fig. 14.) 

12. The areas of circles are proportional to the squares on their 
"diameters* 
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FBOBLEM 208. — To constmot a triAngle equal in area to any 
parallelogram. 

Set up twice the altitude of the given figure and join with the 
extremities of the base as shown in the first two figures, or donble 
the base and keep the same altitude as in the thurd figure. The 
triangle ABC in each case is equal to the given parallelogram. 
The second figure shows the construction if an isosceles triangle be 
required. 

FBOBLEM 209. — To eonstmct a parallelogram equal in area to a 
triangle. 

Draw the altitude of the given triangle, and bisect it by the line 
DE parallel to AB. At A and B draw perpendiculars. Then 
A B D E is the rectangle equal to the given triangle. A B F G is 
a rhombus equal to A B C. 

FBOBLEK 210. — ^To conBtmet a triangle equal in area to a given 
trapezium. 

Let A B C D be the given trapezium. Draw the diagonal D B, 
and firom C draw CE parallel to DB to meet AB produced in E. 
Draw D E. Then A D E is the required triangle. 

13'ote.— D B E =:D B C (Euc. i. 87). Add A B D to each. Then A D E == 
ABCD. 

FBOBLEK 211. — ^To constmet a triangle equal in area to an 
irregular pentagon. 

Draw D A, D B. From E draw E F parallel to D A and meet- 
ing A B produced in F. Draw DF.'* From draw CG paraJlel 
to D B and meeting A B produced in G. Draw D G. Then F D G 
is the required triangle. 

FBOBLEM 212. — To eonBtmct a triangle equal to any irregular 
polygon. 

Let A B C D E F be the given polygon. Draw E A. From P 
draw FG parallel to A E. Draw EG. (The figure GB C DE = 
ABCDEF.) Draw DB, and firom C draw H parallel to DB. 
JoinDandH. (GHDE = GBCDE.) Draw E H, and fi:om D 
draw D J parallel to E H. Join E and J. Then G E J is the re- 
quired triangle. 

FBOBLEM 218.— To eonBtmct an isosceles triangle equal to a 
trapezium, one side to be common to both figures. 

Let AB C D be the given trapezium and AB the side common 
to both figures. Draw AD, and firom C draw C E parallel to A D 
and meeting BD produced. Join A and E. Then the triangle 
ABE is equal to the trapezium. To get an isosceles triangle 
equal to it, bisect the base by the perpendicular F G, and through 
E draw EG parallel to AB. Draw G A and GB. Then ABG 
is the required triangle. 

Note. — In the case of a pentagon proceed in a similar manner, first oon- 
yerting the pentagon into a trapednm on A B. 
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FBOBLEM 214.^To construct a triangle ^nal in area to tlie Bum 
of two given triangles. 

Let ABC and D E F be the given triangles. MaJte the triangle 
CEF equal to the given triangle BEF, forming an irregnlar 
pentagon, A B E F 0. Draw A F, and from C draw H parallel to 
A F, and meeting A B produced. Join F and H. Draw F B, and 
from E draw E G parallel to F B. Join F and G. Then F G H is 
the required triangle. 

FBOBLEM 215. — ^To construct a triangle equal to any regular 
polygon. 

Let ABODE be a regular pentagon. Find the centre, and 
divide the polygon into five equal trian^es. Make the base Q H 
equal to five times the base A B. Draw F G, F H. Then F G H is 
the required triangle. 

Notes. — 1. Another method is to proceed as in Problem 211. 

2. Where the polygon has a larger nmnber of sides, the altitude of the 
triangle may be doubledi and the base made equal to half Uie perimeter of the 
given polygon. 

FBOBLEM 216.— To construct a triangle equal in area to a (»rcle. 
(Approximate.) 

Draw A B, the diameter of the circle. Divide the radius A C 
into 7 equal parts. Draw AD perpendicular to AB, and make it 
8| times A 0. Draw B D. A B D is the required triangle. 

FBOBLEM 217.— On a given base to draw a triangle equal in area 
to another given triangle. 

Let A B be the given triangle, and D the given base. On AB 
or AB produced set off AE equal to D. Draw E, and from B 
draw BF parallel to GE. Join F and E. Then AFE is th^ 
required triangle. (B F = F B E.) 

FBOBLEM 218.— To construct a triangle equal in area to a griven 
triangle, having its vertex in a given point, and its base in the same 
straight line as that of the given triangle. 

Let A B G be the given triangle, and D the given point. Draw 
A D. From G draw G E parallel to A B, and jom B and E. Then 
the triangle A B E = the triangle ABO. The Problem now 
resolves itself into the same as the previous Problem — that is, to 
construct a triangle on AD equal to the triangle ABE. Draw 
D B, and from E draw E F parallel to D B. Join D and F. Then 
A D F is the required triangle. 

FBOBLEM 219. — ^To construct a triangle of a given altitude equal 
in area to another given triangle. 

Let ABG be the given triangle, and D the given altitude. 
Draw G E, the altitude of the given triangle, and on it mark off E F 
equal to D. Draw F A, and from G draw G G parallel to F A. 
Join F and G. Draw F B, and from G draw H parallel to F B. 
Join F and H. Then GF H is the required triangle. 

Note.— AFa = AFC, and BFH=BFC. 
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PBOBUQI 220. — ^To eomtniet a iqiiAre equal in area to tlie Bum 
of three iqvaree. 

Let A, B, and C be the lengths of the sides of the given sqnares. 

Draw E F equal to A, and £ D at right angles to £ F, and equal 
to B. Join F and D. 

Then the square on D F is eqnal to the sum of the sqnares on 
D£ and EF. (Enc. i. 47.) Draw D G atright angles to DF,and 
equal to C. Join F and G. On GF describe a square. 

FXOBLXII 221. — ^To constnict a iqiiAre equal in area to the dif- 
fereaee between two given iquarM. 

Let A and B be the sides of the given squares. Draw two lines 
at right angles to each other. Make C D equal to B. With C as 
centre and A as radius mark off E. On D£ construct the 
square. 

Notes. — 1. If the square on C £ » the soin of the squares on C D and D E, 
then the square on D £ must be equal to the difference of the sqnares on 
G £ and C D. 

2. The same principles may be applied to the circle, or any rectilineal 
figure. An equilateral triangle, polygon, &o., may be constructed equal in 
area to the sum or the difference of two similar figures. 

pitOBLXX 222. — ^To deseribe a eirele equal in area to the sum of 
two given eireles. 

Draw G D and D £ perpendicular to each other, and equal to 
A and B, the diameters of tiie given eireles. Draw C E, the dia- 
meter of the required circle. 

Note. — ^To describe a circle equal in area to the difference between two 
circles, proceed as in Flroblem 2fll. C D will be the smaller diameter, C E the 
larger, and D £ the diameter of the required circle. 

FXOBLEIC 223. — To constniet a triangle similar to a given tri- 
angle, but having twice its area. 

Let AB C be the given triangle. Draw AD perpendicular to 
AB, and equal to it. Make B E equal to B D. From E draw E F 
parallel to AC, and meeting BC produced. Then EBF is the 
required triangle. 

Note. — The same principle may be applied to any other rectilineal figure. 
A trapezium is shown similar to, and double the area of, a giyen trapesdum. 

FBOBLEM 224.— To construct a trapeiium similar to a given trape- 
sium, having half its area. 

Let A B G D be the given trapezium. Bisect A B, and describe 
a semicircle. Draw B H, and make B E equal to it. Draw B D, 
and from E draw EF parallel to AD, and from F draw FG 
parallel to D G. Then B E F G is the required figure. 

Note. — The same principle applies to other rectilineal figures. The triangle 
B £ F is half the triangle BAD. 

FBOBLEM 225. — ^To eonstruct a square having twice the area of a 
given square. 

Draw the diagonal, and describe a square on it. 

FBOBLEM 226. — ^To eonstruct a square having half the area of a 
given square. 

On half the diagonal describe a square. 
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FBOBLEM 227. — To constnict a square equal in area to any given 
parallelogram. 

Let ABGD be the given parallelograin. Frodace A B, and 
make B F equal to the altitude of the parallelogram. Find B G, a 
mean proportional between AB and BF. (Pro6. 29.) On BO 
describe the square. 

FBOBLEM 228.— To construct a square equal in area to a triangle. 

MaJce a rectangle equal to the triangle. {J^rdb, 209.) Find a 
mean proportional between the base and the height of tiie rectangle, 
and on it describe the square. 

FBOBLEM 229.— To construct a triangle equal in area to a 
trapezium. 

Draw the diagonal. On one side of it make a rectangle equal 
to the triangle ADC, and on the other side a rectangle equsd to 
the triangle ABC. Proceed as in the preceding problem. 

FBOBLEM 230. — To construct a square equal in area to any 
polygon. 

First obtain a triangle equal in area to the polygon, as shown in 
Problems 211 and 212 ; then construct a rectangle equal in area to 
the triangle, and proceed as above. 

FBOBLEM 231.^-To construct a rectangle of a given perimeteri and 
equal in area to a given square. 

Let the perimeter equal 4} inches, and the side of the given 
square 1 inch. Divide half the perimeter into 2 parts, whose 
mean proportional shall equal 1 in., as follows :— Draw AB, 2J inches 
long, and at B draw BG perpendicular to AB, and 1 inch long. 
Describe a semicircle on A^. Through draw G D parallel to 

AB, and from D draw D E parallel to G B. Then AE and £ B 
will be two of the sides of the rectangle. Complete the figure as 
shown. 

FBOBLEM 232. — To construct a rectangle equal in area to a square, 
and having its sides in a given ratio. 

Let the ratio of the sides be as 2 : 8. Produce the base of the 
given square. From A set off to any convenient unit A B and 

AC, equal to 2 and 8 units respectively. Find AD, the side of a 
square equal to the rectangle contained by A B and A C. From E 
draw EF and EG parallel to DC and D B. A F and AG will 
be the sides of the rectangle. Complete the figure as shown. 

FBOBLEM 233. — To construct a rectangle equal in area to a square, 
having the difference between two adjacent sides given. 

Let AB be the difference between the two adjacent sides. 
Bisect A B in G. With centre G and radius C D describe a semi- 
circle. Then A F and A E will be the sides of the rectangle. 

FBOBLEM 234. — On a given base to construct a rectangle equal in 
area to a given rectangle. 

V Let ABGD be the given rectangle, and E the given base. 
Produce A B, and make A F^equal to E. Join G and F, and firom 
B draw B G parallel to C F. A G is the other side of the rectangle. 

Note.— A C : A G as A F : A B. (Euc. vi. 2.) But when quantities are in 
proportion the product of the extremes equals the product of the means (p. 18) ; 
therefore ACxAB^AGxAF. 



AREAS 



103 



Pbob. 227. 




Fbob. 228. 




Pbob. 




Pbob. 231. 



D c 




W E B 



Pbob. 233. 




Pbob. 232. 




E Q ^ Pbob. 234. 




A B 




104 PLANE AND SOLID GEOMETRY 

FBOBLEM 235.— Another method for Problem 234. 

Find a fourth proportional (E^) toEF (the given base), AB, 
and AC. (Proh. 27.) Draw EG equal to it, and complete the 
parallelogram. EF:ABasEc:E^. 

FBOBLEX 236.— Another method for Problem 217. 

Draw the altitude, E, of tibe given triangle. Find a fourth pro- 
portional P 5^) to D F, A B, and E. D ^r will be the altitude of 
the required triangle. Set up D G equal to D ^, and join G and F. 

PBOBLEM 237.— To constnict a parallelogram equal in area to a 
•qnare, one side and one angle being given. 

Let A B G D be the given square, F G the given side, and E the 
given angle. 

At F construct an angle equal to E. Find a third proportional 
(F h) between F G and A B. {Proh, 28.) Make F H equal to F ^, 
and complete the parallelogram. 

PBOBLEM 238. — To construct a triangle similar to a given triangle, 
and equal in area to a given square. 

Let ABC be the given triangle, and BH the given square. 
Place the figures so that their bases are in the same straight line. 
Find B D, the side of a square equal in area to the given triangle, 
by reducing the triangle to a rectangle, and finding the mean pro- 
portional between the base and the height of the rectangle. {Proh. 
228.) Draw D G. From E draw E F parallel to B G, to meet 
B G produced. From F draw F G parallel to A G, and meeting 
B A produced. Then the triangle G B F is similar to the triangle 
ABO, and equal to the square B H. 

PBOBLEM 239. — To construct a triangle similar to one given 
triangle, and equal in area to another. 

Let AB be the triangle to which the required triangle is to 
be similar, and B D E that to which it has to be equal. Place the 
triangles so that their bases are in the same straight line. Beduce 
B D E to a triangle having the same area, but with its altitude equal 
to that of A B 0, thus : Draw F parallel to A B. Join F and D. 
Draw E G parallel to F D, and meeting A D produced. Join F and 
G. The triangle BFG equals the triangle BDE. Find BH, a 
mean proportional between A B and B G. B H is the base of the 
required triangle. Set ofif B J equal to B H, and from J draw J K 
parallel to A G, and meeting B Cf produced. J B K is the required 
triangle. 

PBOBLEM 240. — To construct an equilateral triangle equal in ares 
to a given triangle. 

This is an exercise on the previous problem. Let A B C be the 
given triangle. Construct any equilateral triangle BED, and place 
it with its base in the same straight line as A B. Construct the 
triangle B G F equal to ABC, and having the same altitude as 
BED. Find B H, the mean proportional between BG and BD. 
"^ B H as the side construct the triangle. 
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nOBLEM, 241.~To eonstrnet an isoseelef triangle equal in area to 
a given triangle, and haying one of its angles equal to an angle of the 
given triangle. 

Let A B G be the given triangle, and the angle at A the common 
angle. Find a mean proportional, A£, between AB and AC. 
Make AG and A F equal to AE. JoinFandG. Then A FG is 
the required triangle. 

FBOBLEX 848.— To eonstrnet a regolar polygon equal in area to a 
triangle. 

Let ABC be the given triangle; it is required to constroct a 
regular hexagon equal in area to it. A hexagon may be divided 
into six equal triangles, having the angles at their a^xes 60^ Con- 
struct the triangle ABD equal to ABC (b^ drawing C D parallel 
to AB), and having the angle at B 60^ Divide A B into 6 equal 
parts. Then the triangle DEB will equal ith of the triangle ABD, 
and also {th of the required hexagon. If an isosceles triangle be now 
constructed equal to D E B, and having the angle at B common, it 
will also equal {th of the required hexagon. Find a mean propor- 
tional, B G, between D B and B E, the sides containing the angle. 
With centre B and radius B G describe a circle. B J K will be }th 
of the hexagon. Mark off J K round the circle, and complete the 
figure. 

FBOBLEX 843. — ^To construct any figure, similar to a given one, 
and having its area in a given proportion to the area of the given figure. 

Let A B C D E be the given figure ; it is required to construct a 
similar figure having Jths of its area. Divide the base of the given 
figure into 5 equal parts. Produce AB, and make BF equal to 
2 of the parts. Find a mean proportional, B G, between A B and 
BF— that is, between the numerator and the denominator of the 
fraction. B G is the base of the figure. Make B H equal to B G, 
and complete the figure. 

Notes. — 1. In the case of a circle, divide the radius into the required 
number of parts. 

2. The above constraction holds good for any proportionate area. Suppose, 
for instance, a figure is required |th of a given siinQar figure ; find a mean 
proportional between the base ana |th of the base. 

8. Always divide the line into as many parts as there are units in the 
denominator of the fraction, or as there are units in the consequent of the ratio. 
For instance, if the ratio of the area be as 8 : 2, then divide the line into 2 
equal parts, and find the mean proportional between the line divided into 2 
parts and another line equal to 8 of these parts. 

FBOBLEM 244.— To describe a parallelogram equal to a given tri« 
angle in area and perimeter. 

Let A B C be the given triangle. Produce A C, and make G D 
equal to OB. Through draw a parallel to AB. Bisect AD in 
£. With centre A and radius A E obtain A F. Bisect A B in G. 
Draw G H parallel to A F. Then A G F H is the required parallelo- 
<<ram. 
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TBMLEM. 245. — ^To divide a triangle into any number of equal 
parti by lines drawn from one of its angles. 

Divide A B into the required number of equal parts (say 8). 
Draw Gl and G2. The three triangles thns formed are equal to 
eaoh other. (Euc. i. 88.) 

FBOBLEM 246. — To divide a parallelogram into any number of 
equal parts by lines drawn from one of its angles. 

Divide two adjacent sides into the same number of equal parts 
as the figure has to be divided into (say 8.) Join D 1, D 1. 

FBOBLEX 247.^To bisect a triangle by a line drawn from a point 
in one of the sides. 

Let D be the given point. Bisect AB in E, and draw GE. 
Join D £, and from G draw G F parallel to D E. Join D and F. 
Then D F bisects the triangle. 

FBOBLEM 248. — ^To bisect a parallelogram by a line drawn from a 
point in one of the sides. 

Let E be the given point. Find the centre, and draw EF 
through it. Then £ F bisects the parallelogram. 

Note. — ^This construotion will apply for any position of the point. 

FBOBLEX 249. — To bisect a trapeiinm by a line drawn from one 
of its angles. 

Let ABGD be the given trapezium. Draw the diagonals. 
Bisect A G in E. Draw D E, E B, dividing the trapezium into two 
equal areas. Through E draw F G parallel to B D. Join D and F. 
Then D F bisects the trapezium. 

irote.~The triangle D B F » the triangle D B E. 

FBOBLEM 250. — To divide a triangle into any number of equal 
parts by lines drawn from a point in one of the sides. 

Let D be the given point. Divide the side G B, in which the 
given point is situated, into as many equal parts as the triangle has 
to be divided into {aekj 8). Draw AD. From 1 and 2 draw 
1 E, 2 F, parallel to AI>. Draw D E^ D F, dividing the triangle as 
required. 

ITote.—The triangle D E 1 = the triangle A E 1. 

FBOBLEM 251. — To divide a parallelogram into any number of equal 
parts* by a line drawn from a point in one of the sides. 

Let E be the given point. Divide A B into the required number 
of equal parts (say 4) in 1, 2, 8. Draw 11, 22 parallel to AD 
and bisect them in F and G. Through F and G draw E H and 
E J. Bisect the trapezium E J G B by the line E K. {Prob. 249.) 
Then the lines EH, E J, EK divide the parallelogram into 4 
equal parts. 

Note.— If the point E were placed bo that E E wonld fall upon the side 
D C, then a Une 8 8 might have been biseoted, and E E drawn through the 
points of bisection, as in 1 1 and 2 2. 
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FBOBLEM 252. — ^To divide an irreg^ilar polygon into any number of 
equal parts by lines drawn from one of the angles. 

Let A B C D E be an irregular polygon ; it is required to divide 
it into 3 equal parts by lines drawn from the angle at D. 

Construct the triangle D F Q equal to the polygon. {J^rob, 211.) 

Divide the base, FG, into 8 equal parts. ]>raw Dl. It is 
evident that the triangle I) 1 F is Jrd of the triangle D F Q, and con- 
sequently ^rd of the given polygon. As the point 2 does not £aJl upon 
the base A B of the polygon, draw 2 d parallel to the diagonal D B. 
Draw D d. The lines D 1 and D d divide the polygon as required. 

Note.— The triangle D B 2 = the triangle D B {2. (Euc. i 87.) 

FBOBLEM 253. — ^To divide a triangle into any number of eqnal 
parts by lines drawn firom a point within the triangle. 

Let D be the given point. Divide the base A B into as many 
equal parts as required (say 8). Draw D 1, D 2, and D C 
From G draw E parallel to D 1, and OF parallel to D 2. Drav7 
D E and D F. The lines D G, D E, and D F divide the triangle 
into 8 equal parts. 

Notes.— 1. The triangle E 1 C = the triangle EDO. If A E C be added to 
each, then A1C»AEDC. But A 1 G is ^rd of the triangle ABC. Therefore 
AE D C win equal ^rd of the triangle ABC. 

2. If the line DF does not fall npon AB, then proceed as shown in 
Problem 258 a. Obtain D E as in the preceding problem. Draw 2 F parallel 
to B C. Join D B, and from F draw F G parallel toCD B. Draw D a. Then 
D C, D E, and D G divide the triangle into 8 equal parts. 

Proof.— The triangle B F C=:the triangle B 2 C. (Euo. i. 87.) Triangle 
PGD=:triangle FGB. Add to each the triangle CFG. Then CFG 
+ FGD=:CFG+FGB— thatis,CDG=CFB, ButCFB=C2B. There- 
fore, CD G=C 2 B. 

FBOBLEM 254. — To bisect a triangle by a line drawn parallel to 
one side. 

Bisect G B by the perpendicular E F, and describe a semicircle. 
With centre G and radius G F describe the arc F G. From Q draw 
the line G H parallel to A B. This line bisects the triangle. 

Note. — C F, which equals C G, is a mean proportional between the side C B 
and its half, C E. (Euc. vi. 8, Cor.) The triangle C G H : triangle C B A as 
C G* : C B*— that is, as CE : C B, or as 1 : 2. 

FBOBLEM 255.— To bisect a triangle by a line perpendicnlar to the 
base. 

Draw A D perpendicular to B G, and bisect B G in E. Find a 
mean proportional, G F, between the larger segment of the base G D, 
and thie half G E. MaJce G G equal to G F, and draw G H perpen- 
dicular to the base. Then GH bisects the triangle. 

FBOBLEM 256. — ^To divide a triangle into any number of equal 
parts by lines drawn parallel to one of the sides. 

Let the triangle A B G be divided into 8 equal parts. 
Divide BG or BA into 8 equal parts. Describe a semicircle 
on B G, and erect perpendiculars at 1 and 2. Make B d equal to 
B D, and B e equal to B E. Parallels drawn from d and e will 
divide the triangle as required. 

Note. — ^BD is a mean proportional between B C and its third, B 1, and 
s B E is a mean proportional between B C and two-thirds, B2. B(2F:BCA 
asB (2> : B C—that is, as B 1 : B C, or as 1 : 8. 
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FBOBLEM 257. — ^To divide a parallelogram into any number of equal 
parts by lines parallel to tbe diagonal. 

Let it be required to divide the parallelogram ABCB into 5 
equal parts by lines drawn parallel to the dmgonal D B. Divide 
DC into 5 equal partis. Describe a semicircle on DC, erect 
perpendiculars at the alternate parts, 2 and 4, and proceed as in 
Problem 256. 

Note.~£ach of the triangles AB D and D B C is divided into 6 e^ual 
parts. By drawing the alternate lines only, the whole parallelogram is divided 
into 5 equal parts. 

FBOBLXX 258. — ^To divide a circle into any number of equal parts 
(say 3) by eoneentrie eircles. 

Divide the radius AO into 8 equal parts. On it describe a 
semicircle, and erect perpendiculars at 1 and 2. OB and O G will 
be the radii of the required circles. 

Note. — B is the mean proportional between the radius O A and its third 
01. 

FBOBLEM 259. — To divide a eirele into any number of parts (say 
3) equal in area and perimeter. 

Divide the diameter of the circle into twice as many parts as 
there are equal areas required. With centres 1, 2, 4, and 6 describe 

semicircles. 

FBOBLEX 260.— To divide a triangle into 2 parti, having a given 
ratio to each other, by a straight line drawn through a given point in 
one of its sides. 

Let D be the given point, and the given ratio ae 3 : 2. 

Divide C B into 8 + 2 equal parts. Joia A 2, which divides the 
triangle into 2 parts in the ratio of 8 to 2. Draw D A, and from 
2 draw 2 E paraUel to D A. Join D £. Then D E divides the 
triangle as required. 

Not e.— The triangle E 2 A » the triangle E 2 D. Therefore, E C D = A G 2. 

FBOBLEM 261 To divide a parallelogram into 2 parts, having 

a given ratio to each other, by a straight line drawn from a given point 
in one of the sides. 

Let E be the given point, and the given ratio as 8 : 1. 

Divide AB into 4 equal parts. From 1 draw a line, IF, 
parallel to AD, cutting the parallelogram into 2 parts having the 
required ratio. Bisect 1 F, and from E draw a line through the 
pomt of bisection. This line divides the triangle as required. 

FBOBLEM 262.^To construct a square, the area being given. 

Let the required area be 2} square inches. Construct a rect- 
angle, sides 1 inch and 2} inches. This rectangle will contain 
2} square inches. Find a mean proportional, B £, to the two sides. 
On B E construct the square. 

Notes.—l. It is not necessary to construct the rectangle, bnt oiUy to find 
the mean proportional between the dimensions of the two sides which would 
contain a rectangle of the given area. 

9. The figure is drawn to a smaller scale. 
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PBOBLEM 262 a.— The same as Problem 262. (Another Hethod.) 
Draw A B and B G, V long, perpendicular to each other. Then 
A C will equal s/2'\ Find OD, ^/ J". Draw CE perpendicular to 
C A, and equal to CD. Then A E will be the side of a square con- 
taining 2} square inches. 

PBOBLEM 263.~To construct a rectangle having an area of 8 
square inches and a height of 2 inches. 

Construct a rectangle, A B C D, having the given area. Now 
obtain another rectangle equal to A B C D, and having the required 
height of 2 inches, by Problem 234. Make AE equal to 2f\ Join 
EB, and from C draw CF parallel to EB. On AF construct the 
rectangle. 

PBOBLEM 264. — To construct an equilateral triangle having an 
area of 8 square inches. 

Construct a rectangle ^'^ long and V^ in altitude. Make the 
triangle ABC equal to it, and having the angle at B 60°. Find a 
mean proportional, B E, between the two sides, B C and B A. BE 
is the length of the side of the required triangle. Make BF and 
B G equal to B E, and join F and G. Then B F G is the required 
triangle. 

Note.^Any isosoeleB triangle may bo made of a given area on the same 
prinoiple. 

PBOBLEM 265. — To construct a rhombus having an angle of 50° 
and an area of 2^ square inches. 

Construct a rhombus, ABC D, having the given angle and an 
altitude of V\ Find the side, BE, of a square equal in area to the 
rhombus, by finding the mean proportional between the base and 
the height. Make a rectangle of 2} square inches area. Find BF, 
the side of a square equal to the rectangle. Join E and C, and from 
P draw F G, parallel to E C, to meet B C produced. Draw the 
diagonskl BD, and produce it. Draw GH parallel to CD, and HJ 
parallel to DA. Then J B G H is the required rhombus. 

Note. — This important principle may be applied to the eolation of other 
figures under similar conditions. 

PBOBLEM 266. — To construct a rectangle having an area of 8 
square inches, and having its sides in the ratio of 8 to 2. 

Construct a rectangle, A B C D, having its sides in the ratio of 
8 to 2, and its altitude V\ Find B E, the side of a square equal to 
the rectangle. Construct the rectangle B F G C, having an area of 
3 square inches, and determine B H, the side of a square equal to 
it in area. Join E and A. From H draw H J parallel to E A. 
Then B J is the base of the required rectangle. Draw the diagonal 
B D, and produce it. Draw J K parallel to A D, and K L parallel 
to DC. 

ITote.— Problems 363-266 are drawn to a smaller scale. 
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CHAPTER XIV 

CITBVES 

SoMB of the curves used in geometrical and mechanical drawings, such as the ellipse, 
parabola, and hyperbola; the cycloid, the involute, varioas spirals, &o^ 
cannot be described by the ordinary compasses. These curves are obtained by finding* a 
number of points in the required line, and then tracing the curve by liand, or with the 
help of French curves. 

The ellipse, parabola, and hyperbola are termed conic sections, because 
they are formed by plane sections of the jone. 

The ellipse is the section of a cone formed by an oblique plane passing through 
both sides of the cone. (Fig. 1.) 

The longest line that can be drawn through the centre of the ellipse is called the 
transverse, or major axis. ( Fig. i, a ^ ) 

The shortest line is called the conjugate, or minor axis. (Fig. 1, e<2.) Any 
line passing through the centre and terminated by the curve is a diameter. On the 
transverse axis, and equidistant from the centre, are situated two points, each of which is 
a focus. If any point in the curve be joined by two lines to the foci, these two lines 
are, together, equal to the transverse axis. 

The parabola is the section of a cone formed by a plane cutting the cone parallel 
to its side. (Fig. 8.) 

The hjrporbola is the section of a cone formed by a plane cutting the cone parallel 
to its axis. (Fig. 3.) 

When the cone is cut by a plane passing through its vertex, the section is a triangle ; 
and when the section is parallel to the base, it is a circle. 

PROBLEM 267.— To describe an ellipse, the transverse and con- 
jngate diameters being given. First Uethod (by means of a piece of 
thread). 

Let A B and C D be the diameters. Bisect A B and C D. Make O S, 
O F, each equal to half C D. With radius A O and centre £2 describe an arc 
cutting A B in Q and H ; these points are the foci. Take three pins, and 
stick them in firmly at the points S, G, and H. Tie a piece of thread round 
these pins, as shown by the lines E Q-, Q H, £ H. Bemove the pin at £, and 
replace it with a pencil. Move the point of the pencil round, keeping the 
thread tightly stretched. The curve described by the pencil-point will be an 
ellipse. 

PBOBLEU 268.— The same. Second Uethod (by intersecting lines). 
Place the diameters at right angles to each other, as before, and through 
the extremities draw parallels forming a rectangle. Divide AH into any 
number of equal parts (say 4). Set off these parts on A F, B Q, and B H. 
Join each of these points with C and D. Divide O A and O B into the same 
number (4) of equal parts. Draw lines from D through 1, 2, and 8, on each 
side, to meet C 1, G 2, C 8. In the s£une manner draw lines from C, through 
the same points, to meet D 1, D 2, D 8. Through the points thus obtained 
draw the carve. 

FBOBLEM 269.— The same. Third Uethod (by intersecting arcs). 
Place the axes as before. "With radius A O and centre O obtain the foci. 
In £ O take any number of points, as 1, 2, 8. With radius B 1 and centres 
IS and F describe four arcs at a. With radius Al and the same centres 
intersect these arcs. With radius B2 and centres E and F describe four 
arcs at &, and with radius A 2 intersect these arcs. With radius B 8 and 
centres E and F describe arcs at c, and intersect them with radius AS. 
Through the points thus obtained draw the ellipse. 
N'ote.— Describe all the arcs from the foci E and F. 

PBOBLEU 270 The same. Fourth Uethod. 

Place the axes as before, and describe a circle on each. Divide one of the 
qnadrants into any number of parts, and obtain corresponding points on the 
others by producing the radii. From the points 1 and 2 on the smaller cir- 
cumference draw parallels to A B, and from the points 1' and 2' on the larger 
circumference draw parallels to C D to meet the lines drawn parallel to A B. 
Through the intersections of these parallels draw the curve. 

Note.— All the problems on curves should be drawn to a much larger scale than 
shown. 
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FBOBLEM 271.— The same. FifthMethod (bymeans of astraight- 
edge or a paper trammel). 

This is an exceedingly useful method for practical purposes. Set 
up the axes A B and G D as before. Take a piece of paper (or a 
long, flat ruler, if the figure be large), and make EF equal to A O, 
and E G equal to O. Place it so that G may be on the transverse, 
and F on the conjugate diameter. Then E will be a point on the 
curve. By shifting the paper, and always keeping G on the trans- 
verse and F on the conjugate diameter, a number of points in the 
curve may be obtained. Draw the curve through the points. 

Note. — ^If a point in the curve, as E, and the transverse oUameter, were 
given, the eUipse could be described as follows : — ^Draw a line, C D, at right 
angles to A B. With radius A O and centre E cut the line C D in F. Then the 
distance E G will equal half the conjugate diameter. This being determined, 
complete the ellipse by any of the methods given. 

FBOBLEM 272. — ^To deseribe an ellipse passmg through any three 
points not in the same straight line. 

Let A B G be the given points. Join A B, and bisect it in O. 

Join GO, and produce, making OD equal to OG. Through 
A and B draw parallels to G D, and through G and D draw parallels 
to A B, forming a parallelogram. Divide A O and A E into the 
same number of equal parts, and proceed as in Problem 268. 

Note. — This problem offers solutions to the following problems: — To 
describe an ellipse about a trianjgle (the points A, B, and C, if joined, form a 
triangle) ; to inscribe an ellipse in a rhombus or rhomboid. 

FBOBLEU 273. — to find the centre, axes, and fooi of a given ellipse. 

Draw any two parallel chords, A B and G D. Bisect them both 
in E and F. The Hne chawn through E and F will be a diameter. 
Find the centre, O. With centre O describe an arc cutting the 
ellipse in G, H, and J. Draw G H and H J. Parallels to G H and 
H J, through O, will give the axes. 

FBOBLEM 274. — ^A portion of the carve of an ellipse being given, 
to complete it. 

Let G D X be the given portion. 

Draw two chords, A B and G D^ and bisect them in E and F. 
Through E and F draw a line. If this line be terminated by the 
curve of the elHpse at each end, obtain the axes as in Problem 273, 
find the foci, and complete the ellipse by obtaining points in iJie 
curve as already shown. If the line be not terminated, then draw 
two other parallel chords, and bisect them as in the first pair. The 
line drawn through the points of bisection will intersect the line 
drawn through E and F in O, the centre of the ellipse. Make O H 
equal to O G, and obtain the axes and points in the curve as before. 

FBOBLEU 276.— To draw a tangent to an ellipse at any given point 
in the curve. 

Obtain the transverse diameter and the foci, A and B. {Prob. 273.) 
Join A and B with the given point, G, and produce one of the lines. 
The hne bisecting the angle A G D is the tangent. 

FBOBLEM 276. — ^To draw a normal or perpendicular to the curve of 
an ellipse. 

Join the foci, A and B, with the given point, G, as before, and 
produce both lines. Bisect the angle thus formed. 
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TMBLEM, 277.— To draw a tangent to an ellipM from a point with- 
out the cnrve. 

Find the centre, major and minor axes, and the foci of the eUipse. 
{Prob, 273.) From the given point, P, draw a diameter, A B. Find a 
third proportional, O 0, to O P and O B. Through the extremity, A, 
of the diameter, draw a tangent. {Prob. 275). Through O draw 
the double ordinate, D E, parallel to the tangent, through A. The 
lines joining P with D and E will he tangents to the ellipse. 

Kotes. — 1. One diameter is conjugate to another when it is parallel to 
the tangents drawn through the eztrenuties of the other. If through the centre 
O a diameter be drawn parallel to the tangent at A, that diameter will be 
conjiigate to A B. 

a. An ordinate is a line drawn from any point in one diameter parallel to 
the tangent drawn through its extremity. C D and C E are ordinates ; the 
whole line, D E, is called a double ordinate. 

PBOBLEM 278. — ^To describe the onrve of a parabola, the axis and 
a doable ordinate being given. 

Let A B be the axis, and G D the double ordinate. Through 
C and D draw parallels to A B, and through A draw a parallel, E F, 
to G D. Divide E G and FD into any number of equal parts, and 
join each point with A. Divide B G and B D into the same number 
of equal parts, and draw parallels to AB. The intersections of the 
lines drawn from the points 1 1, 2 2, &c., are points on the curve. 

FBOBLEli 279. — To draw the involute of a given circle. 
Note. — ^If a thread be unwound from a circle, and kept constantly stretched, 
the extremity describes a line which is called the involute. 

Let A be the generating point. Draw the diameter A B, and 
at B the tangent B G. Make B G equal to the semicircle A 8 B by 
setting off S^h of the radius B O. As the distance from A to B has 
be^ unrolled, G must be a point of the cinrve. Divide the circle 
into any number of equal parts (say 12), and B G into as many equal 
parts as the semicircle contains (6). Draw tangents to the circle at 
points 1, 2, 8, &c. Make 1 D equal to B 1, 2 E equal to B 2, 8 F equal 
to B 8, 4 G equal to B 4, &c. To obtain points beyond G, proceed 
in the same manner ; H 8, for example, equals 8 divisions. Through 
the points D, E, F, &c., draw the curve. 

FBOBLEU 280. — ^To describe an Archimedean spiral, the greatest 
radius and the number of turns or convolutions being given. 

Let O A be the greatest radius, and the number of turns be two. 
Describe a circle with O A as radius. Divide O A into as many 
equal parts as turns required— that is, 2 — in the point a. Divide the 
circle into any number of equal parts (say 8) by radii OB, OG, &c., 
and divide A a into the same number of equal parts. Make b 
equal to O 7, c equal to O 6, O e^ equal to O 5 ; proceed in a similar 
manner for the rest of the points, diminishing each radius by one 
part. Draw the curve through the points A, b, c, d, e,f, g, h, a, &c. 



CURVES 



121 




122 PLANE AND SOLID GEOMETRY 

FBOBLEM 281.—TO draw a eommon spiral by means of semicircular 
arcs. 

Let the spiral be described upon A B, and consist of three con- 
volutions. Divide A B into 6 equal parts. Bisect 8 4 in O. With 
centre O and radius O 8 describe a semicircle. With centre 3 and 
radius 8 4 describe another semicircle. With alternate centres, O 
and 8, describe the remaining semicircles. 

PBOBLEM 282. — ^To draw the spiral known as the Ionic volute by 
describing arcs of circles. 

Divide the diameter, X Y, into 8 equal parts, and upon one part 
describe a circle forming the eye of the volute. Inscribe a square, 
draw its diameters, and divide each into 6 equal parts as shown in the 
larger drawing. Number each point consecutively, and with 1 as 
centre describe an arc to meet 1 2 produced in B. With centre 2 
and radius 2 B describe the next arc to meet 2 8 produced. Pro- 
ceed in a similar manner for the rest of the curve. 

Notes. — 1. This problem should always be drawn to a large scale. 

2. The last arc should finish at the point O, and be described &om number 1 2. 

FBOBIEU 283.— To describe a continuous curve of tangential arcs 
passing through a number of given points. 

Let A, B, G, D be the given points. Join the points, and bisect 
the lines by perpendiculars at E, F, and G. Take any convenient 
point, 1, in E 1, and describe an arc on C D. From 1, through 0, 
draw 1 2 meeting the perpendicular from Fi With centre 2 and 
radius 2G describe the arc upon CB. Draw 2B to meet the 
perpendicular from G. With centre 8 describe the remaining arc. 

FBOBLEU 284. — To describe an arc of a circle to pass through 
three points given in position, when the centre is not obtainable. 

Let A, B, and C be the three points. Join AB and O B, and 
produce to £ and D. With centres A and and radius AG 
describe arcs. On each side of D and £ set off equal distances, 
1, 2, 3, 4, &c. Join 4^ G and 4 A. The intersection of these lines 
is a point in the arc. Join 8^ G and 8 A, obtaining another point 
in the arc. The intersections of corresponding lines on alternate 
sides of D and E will give other points in the arc. 

Notes. — 1. This construction depends upon the principle that angles in 
the same segment of a circle are equeJ. (Euc. in. 21.) 

2. Only a few of the problems upon curves are dealt with here. For 
further information, the student is referred to works on Conic Sections and 
Mechanical Drawing. 
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EXEBCISES 

CHAPTER Xin 

1. Constmct a square equal in area to a rectangle 2" by 1^". 

2. Draw a semicircle 8" in diameter, and divide it into 8 equal parts by 
means of concentric semicircles. 

8. Construct a square equal in area to the sum of three squares of 1", Vh'\ 
and 2-25" respectively, (fife, 1877.) 

4. Construct a square of 2^'' sides, and through one comer draw a line 
cutting ofE \ of its area. {SCy 1886.) {jBroh. 246.) 

5. Draw a triangle, sides li", 2", and 1^" respectively. On a base of If" 
construct an isosceles triangle of equal area. (Sc, 1889.) {^roh* 217 or 286.) 

6. Draw any irregular hexagon naving one re-entering angle, and construct 
a similar figure whose sides are to those of the given figure as 7 : 8. {8c.^ 1889.) 

Note.— Divide one side into 7 equal parts, and on 3 of these parts construct the 
similar figure. 

7. Construct an equilateral triangle having an area of 4 square inches. 
{Trdh, 264.) 

8. Construct a triangle, sides 2^", 2^'', and lyV' respectively, and obtain a 
rectangle, equal to the triangle in area, upon a base of 1 . (/Sc.,»1885.) {^rohs. 
209 and 284.) 

9. In a square of 8" sides inscribe another square having | the area of the 
given square. The comers of the required square must lie in the sides of the 
given one. (/Sc, 1870.) 

Note.— A mean proportional between the side of the given square and | of the side 
wil 1 be the side of the required square. From this side obtain the diagonal, and from the 
centre of the given square, with half the diagonal as radius, describe a circle. The points 
where the circle cuts the sides will be the comers of the required square. 

10. Constmct a parallelogram having sides 4" and 1*2", and the included angle 
60°. Determine a rhombus of equal area, and having the same included angle. 

Note.— The side of the rhombus will equal the mean proportional between the two 
sides of the parallelogram. 

11. Reduce the given figure (Fig. 1) to a square of equal area. (iSc, 1887.) 

■cf „ 1 Note.— Divide the figure into 2 equal 

* ^^ ■■■• parts. Obtain a rectangle equal to 1 part, double 

^ _ . . . . "21' * ' ' -^ ^^ ^^^ ^^^ ^ square equal to the rectangle. 

^ V / ■ y - A 12. Divide an equilateral triangle of 2i" 

\ \ / "9 /" sides into 4 equal parts by perpendiculars 

\ \ / / I to one side. 

\ \ / / \ Note.— Bisect the triangle, and apply Prob- 

\ \ / / \ l®°i 254 to each half. 
\ \/ / 2' . ^^* ^^^^ a^ irregular pentagon, and 
\ t / I bisect it by a line drawn from one angle. 

\ , / I Note.— First convert the pentagon into a 

\ I / J triangle. 

\ I / I 14. The side of a rhombus is 8" long, and 

\y j one angle is 75°. Construct the figure, and 

^ divide it into 8 equal parts by lines drawn 
from one an^le. (Proo. 246.) 

15. Constmct an equilateral triangle of 1^'^ sides, and a rectangle of equal 
height and area. 

16. Constmct a square equal in area to an equilateral triangle of 1" sides. 

17. Divide a triangle whose sides are 2^", 8 , and 4" respectively, into 8 
equal parts, by a line drawn from the middle of the longest side. 

18. Construct a regular pentagon of 7 square inches area. 
Note.— Obtain a triangle of the required area, and proceed by Problem 242. 

19. Constmct a rectangle of 6 square inches area, its sides being as 8 : 2. 
(Pro6. 266.) 

20. Show by constmction the V 8. {Proh. 262 a.) 

21. Taking 1'- as a unit, determine by two different constructions a line 
— -^X to V6. {Proba, 262 and 262a.) 
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22. The sides of a triangle are 8^", 2|", and A." ; draw the triangle, and 
obtain an equilateral triangle equal to it. {Proh. 240.) 

23. Describe a regular hexagon of 1^" sides, and obtain a similar figure 
having | of its area. {Proh. 248.) 

24. Draw an equilateral hexagon of 1'2" sides. Reduce it to a triangle, and 
find its area. {Page 94, 8.) 

25. Construct a triangle, base 3", and base angles 46° and 76°. On the 
same base construct an isosceles triangle equal to it in area. 

26. Draw a rectangle equal in area to a square of 1*76" side, making the 
shorter side 1-25" long. (Sc, 1882.) 

27. Draw a rhomboid which shall have an area of 4 square inches, two of 
its sides being 2'6" long, and two of its angles 60°. (iSc, 1881.) 

^Ote.'— Construct a square of 2" sides ; obtai a a rectangle equal to it in area, on a base 
of 2*", and then a rhomboid equal to the rectangle. 

28. Construct a rectangle whose height is 1*4" and area 8 square inches. 
(5c., 1878.) 

29. Draw a rhombus of 6 square inches area, and having two of its angles 
40°. (iSc, 1872.) 

30. Having given a circle of 1" radius, draw another | of its area. {Sc.^ 1876.) 

CHAPTER XIV 

1. Construct a semi-ellipse, major axis 8'', and half the minor axis 1". {Art.) 

2. Find the centre, axes, and foci of a given ellipse. {Art.) {Draw the 
ellipse by means of thread and pins.) 

3. Describe an ellipse by means of intersecting arcs. Axes 8^" and 2". {Art.) 

4. Construct a rhombus, side 2^", diagonal 4^". Jn this rhombus inscribe 
an ellipse. {Sc, 1889.) {Prob. 272.) 

5. Describe an elUpse, the longer diameter of which is half as long again as 
the shorter, and at any point on the curve draw a normal to it. 

6. Draw a spiral curve composed of five semicircles, whose diameters are, 
Buccessively, 1, 1^, 2, 2^, and 8 inches. 

7. Draw an undulating, continuous curve of six arcs of circles, each contain- 
ing 90°, and described with a radius of 1". 

8» The major axis of an ellipse is 8" long, and the foci 1" from the centre ; 
describe the curve, and show how to draw a tangent to it. 

0. The line a b (Fig. 2) represents a piece of thread 
unwound from the given circle. Draw the curve traced 
by the extremity a when the thread is wound back 
on to the circle. {Prob. 279.) 

10. Construct a triangle, sides 8^', 2", and 2|", 
and about it describe an elHpse. {Prob. 272.) 

11. Construct an ellipse having its conjugate 
diameters each 8^" and intersecting at 70°. 

12. Draw a half ellipse with axes 4" and 2*5". 
Draw a sufficient number of normals to the curve, 
and produce them externally. Through points on 
Uiese, '5" from the curve, draw a second curve parallel ^ 
to the first. 

13. Draw the involute of a circle of 1*75" dia- 
meter. The curve to be shown from its starting- 
point on the circumference of the circle till it cuts 
the produced diameter at that point. {Sc, 1878, Ad.) 
{Prob. 279.) 
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CHAPTER XV 

THE AFPIICATIOH OF OEOXETBY TO THE COKSTBlTCTIOir OF 
PATTEEirS AND SIMPLE TSACEBY 

The following Examples (which should be drawn to a larger scale) show a few 
of the ways in which Practical Geometry may be applied, Ornamental Design 
being mostly based on a geometrical foundation. 

&e Examples on this page are illustrations of straight-lined omamenti and 
are based on squares. The dotted lines indicate the method of construction. 
Fig. 10 is termed a plait. Fig. 19 is a Gothic nail-head ornament. The others 
are examples of various frets. Figs. 9, 17, and 18 are Arabian or Moresque ; 
16 is Chinese; 5; 12, 18, and 15 are Greek. 



FlQ. 1. 



Fig. 2. 



Fig. 3, 
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Fig. 4. 



Fig. 5. 



Fig. 6. 



Fig. 7. 



Fig. 8. 
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Fig. 9. 



Fig. 10. 



Fig. 11. 
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Fig. 12. 
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Fig. 16. 
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Fig. 18. 



Fig. 19, 
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Fig. 20. 



Fig. 21. 



Fig. 22. 




Fig. 23. 



Fig 24. 







Fig. 26. 



Fig. 26. 
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Fig. 27. 



Fig. 28. 




Fig. 29. 




Figs. 20-26 are formed on squares. In Fig. 25, circles described 
from the angles of the square give the required points. In Fig. 26, an 
octagon is inscribed in each square, as shown. Fig. 27 is formed by 
equilateral triangles, 28 by hexagons adjacent to each other, and 
29 by the hexagon and rhombus combined. The dotted lines 
indicate the necessary constructioru 
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Fig. 30. 



Fig. 31. 








Fig 
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Fig. 35. 




Figs. 80-83 are based on the hexagon, and are obtained by 
drawing lines with the set square intersecting at an angle of 60 , 
and picking out the pattern. The spaces may be filled in in a 
great variety of ways. Fig. 88 is taken from an inlaid Indian box. 
In Fig. 84 the pattern is made by drawing lines as shown, and 
filling up the spaces. An infinite number of pretty patterns may 
be created in this way by introducing other lines and varying 
their direction. The same principle may be used when the squares 
are placed as in Fig. 21, or when the foundation lines are as in 
Fig. 27. Fig. 85 shows an arrangement suitable for iron palings. 
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Fig. 36. 



Fig. 37. 




Fig. 40. 



Fig. 41. 




The dotted lines indicate the construction for the above Figures, 
all of which are based on the circle. Figures 37-89 represent forms 
of the guilloche, so largely used in architecture by the Assyrians 
and Greeks. Fig. 40 is obtained by intersecting circles ; while Fig. 41 
is based on semicircles. 
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Fig. 43. 




Fig. 44. 




Fig. 46. 




Fig. 45. 





Fig. 48 




AECHES 

The centres from which the curves are described are marked A. 

The separate stones of the arch are called voussoirs ; the central 
one is called the keystone, because it is the last stone placed, and 
fastens the rest together, as a. The span is the distance between 
the letters h 6. 
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Fig. 49. 
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Fig. 53. 
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Fig. 43 is a semicircular arck ; Fig. 44 is a segmental arch described 
from one centre ; Fig. 45 is a segmental arch described from two centres ; 
Fig. 46 is an equilateral, Fig. 47 an acute or lancet, and Fig. 48 an 
obtuse arch. 

Fig. 49 is a depressed Tudor arch described from four centres. 
Fig. 50 is a Moorish arch. Fig. 51 is an ogee arch described from 
three centres. Fig. 52 is an ogee arch described from four centres. 
Fig. 58 is an elliptic arch. The joints between the stones are 
nortnala to the curve, and are obtained as shown by Problem 276. 
To obtain the outer curve, make the normals equal, and sketch in 
the curve. 
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Fig. 64. 



Fig. 55. 




GEOMETSICAL TSACEBT WINDOWS 

In these examples the light centre lines form the foundation. The main 
construction lines are shown where necessary. For further information, the 
student is referred to books on architecture. Draw all the examples at least 
twice a$ large. 

Fig. 54 is based upon Problem 185, Fig. 55 on Problem 166, Fig. 56 on 

-oblems 127 and 148. In Fig. 56, first inscribe a circle in the equilateral 

-^gle, next three circles in the circle, and then a circle in each comer. In 
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Fig. 57, a slight sketch indicates how the spaces may be further ornamented. 
Figs. 68 and 59 are based upon the inscription of two and four circles respec- 
tiyely in a circle. 

Fig. 60 is based upon Problem 168 : six semicircles in a circle, and the 
same process repeated within the inner circle. Fig. 61 depends upon the same 
principle. In Fig. 62, first describe the equilateral triangle ahCf and inscribe 
within it three circles ; then, from the centres a and 6, describe the inner lines 
of the arch. Within each circle inscribe four semicircles, and fill in the tracery 
as shown. 
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CHAPTER XVI 
SOLID GEOMETBT 

FLAKS, ELEVATIOKS, AKD SEGTIOKS OF SOLIDS IN 
SIMFLE FOSITIOirS 

The preceding chapters have dealt with Flams Geometry — ^that is, 
with the representation of figures having length and breadth only. 
When we require to represent objects having length, breadth, and 
thickness, two drawings are necessary : one to show the length and 
breadth, and the other the height, or thickness. This representa- 
tion of length, breadth, and thickness is termed Solid Oeometry. 

To illustrate this, fold a piece of paper at right angles, place it 
on a board or table adjoining a wall, so that one-half of the paper 
rests on the table, and the other half against the walL Take a 
simple object, such as a box, place it on the paper, and trace its 
form on the horizontal fold (Fig. 1, ahcd)\ this drawing will 
show its length and breadth, and will be the plan of the box. 
Next, without moving the box, trace its form on the vertical fold 
(I^g. 1, A^B' a'&O; this will show its thickness, or height, and 
will be the elevation of the box. 

The surface, or plane, upon which the object stands is called the 
horizontal or ground plane, and the drawing, or plan on it shows the 
sjpace covered by the object on the ground, am,d its position loith 
regard to the upright plane. This upright surface is called the 
vertical plane, and the drawing traced on it is termed the elevation. 
The line represented by the crease in the paper where the two planes 
intersect, or. cut each other, is called the intersecting or ground line. 

If the paper be now opened out, the two drawings will be seen 
upon one surface (Fig. 2), with the line X Y showing the intersection 
of the two planes. The second drawing (A'' B' a' b^ is termed a 
projection, because each point of the object is projected, or thrown 
upon the part of the vertical plane exacdy opposite to it ; thus, a' is 
the projection of a, and the line joining a and a^ is called a projector. 

"When the projection is effected hy parallel lines at right angles 
to the vertical and horizontal planes, as in Fig. 2, it is called oxtho- 
graphic projection, and every part of the object is represented its 
correct size by scale, no matter how distant. In perspective projec- 
tion, the rays of light converge towards one point, and the back 
lines of the object are represented shghtly shorter than the corre- 
sponding front ones, as, being farther off, they appear less. 

All jjerpendiculars and parallels must be carefully drawn, and 
each point should be lettered correctly as it is obtained. The 
system of lettering is as follows : — The same point, whatever its 
position, is denoted by the same letter; thus, if A represents an 
actual point, then a shows its plan, and a^ its elevation. The 
student, in case of difficulty, should place the object in the re- 
quired position, remembering, first, that by looking vertically 
downwards the phm will be seen ; second, that the elevation is 
seen by looking horizontally forwards ; and third, that every 
point in the plan is exactly under the corresponding point in the 

ation. 
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The following are the simplest solid forms : — 

A cube is a solid figure contained by six equal squares. 

A prism has its two ends formed by equal, similar, and parallel 
plane figures, and each of its sides parallelograms. 

A pyramid has a plane figure for its base, and each of its sides 
are triangles meeting at a point above the base, called the vertex, or 
apex. 

Notes. — 1. Prisms and pyramids are named from the shapes of their ends 
and bases ; thus, a square prism has square ends, an hexagonal pyramid has 
a hexagon for its base ; <fec. 

2. The line passing through the middle of the solid is termed the axis. 
When the axis is perpendicuW to the base, or ends of the solid, it is termed a 
right prism, or pyramid. When tiie axis is not perpendicular, the prism, or 
pyramid, is termed oblique. 

A sphere is generated by the revolution of a semicircle about its 
diameter; every part of its surface is equally distant from the 
centre. 

A cone is generated by the revolution of a right-angled triangle 
about its perpendicular. 

A cyliiider is generated by the revolution of a rectangle about 
one of its sides. 

A tetrahedron is a solid contained by four equal equilateral 
triangles. 

Ajq octahedron is contained by eight equal equilateral triangles. 

A dodecahedron is contained by twelve equal and regular 
pentagons. 

An icosahedron is contained by twenty equal equilateral tri- 
angles. 

If the upper part of a pyramid or cone be cut away, the portion 
1^1); is called the frustum, and is said to be truncated. 
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FOnmi, UHES, AHB FLAVS TIOTTBES 

The diagrams in this chapter are drawn to a small scale, and, where dimensions are 
not giren, should be copied about thret Hmt» the tUe. The prqjeetors should be drawn 
with very fine linee, and the edget which are noi visible should always be dotted. 

FBOBLSK 886.— To repreient the plan and elevation of a point in 
the following poiitions :—l. Touching both planei. 8. One ineh in front 
of the vertical plane, and two inches above the horizontal plane. 

1. As the given point teaches both planes, its position most be on the inter- 
seotingline, XT. 

2. Bole a projector of indefinite length. Set off 1" below X T, and 2" abore 
it. Then a and a* will be the plan and elevation of the point. 

FBOBLEK 886.— To represent the plan and elevation of a line in 
the following positions :— 1. Standing verticallj, V in firont of the 
vertical plane. 8. Farallel to the horisontal plane, 8" above it, and at 
right angles to the vertical plane. 8. Farallel to both planes, and 8" 
from them. 4. Lying on the ground, at an angle of 80° to the vertical 
plane. 6. Farallel to the vertical plane, 1" in front of it, and making 46^ 
with the horisontal plane. 

1. Draw a line standing vertically on X Y ; this will be the elevation. Its 
plan will be the point a projected 1" below X7. 

2. Draw the plan a 6 at right angles to X Y. The elevation will be the 
point a' projected 2" above XY. 

8. Dniw pa.rftllel lines 2" above and 2" below X Y ; both the plan and the 
elevation in this position will show the full length of the line. 

4. In this case the plan will show the fnU length of the line. Draw a h 
at 80° with X Y. As the line is on the ground, its elevation must lie in X Y. 
Project from a and b, giving the elevation a' h\ 

6. Here the elevation must be obtained first, as that will be the tme length 
of the line. Draw a' V at 45°, and project the plan as shown. 

Note.— The student should take a penoil, and hold in the positions indicated, if he 
has any diffloulty in realising them. 

FBOBLEK 287.— The line represented in slightly more dii&enlt 



1. u'V is the elevation of a line inclined at 50° to the vertieal plane. 
Determine its plan. 

Project from a' and V. At a make an angle of 60°, and draw a line to meet 
the projector from V, Then a 6 is the plan. 

8. a & is the plan of a line 8^" long ; to obtain its elevation. 

Project from a and h. With w as centre and 2^" as radius, cut the pro- 
jector from h in h\ Then a' h' is the elevation. 

8. a' b' is the elevation of a line touching both planes, and making 
equal angles with them. Draw its plan, and find its true length. 

As it makes equal angles with both planes, it will be at an angle of 45° with 
both, and the plan will equal the elevation. To obtain the tme length, the 
object must be turned at right angles, when a' B' will represent the actual line. 

FBOBLEM 888.— To represent a square of 8'' sides standing vertically, 
with its side on the horizontal plane :—l. Parallel to the vertical plane. 
8. At right angles to both planes. 8. At an angle of 80° to the vertical 
plane. 4. Standing with its diagonal vertical, and parallel to the 
vertical plane. 5. With one diagonal vertical, and the other at 80° to 
the vertical plane. 

In 1, 2, and 8, the figures will explain themselves. In 4, construct the 
elevation first, and then deduce the plan. In 5, draw the elevation and plan, 
as if parallel to the vertical plane, as shown in dotted lines ^ then rotate the 
plan into position abcj at 80° to the vertical plan, and project a fresh eleva- 
tion. Obtain the heights from the first elevation. 
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FBOBLEK 289. — To draw the plan and elevation of a square of 2^' 
lides:— 

1. Lying horizontallj, with one edge parallel to the vertieal plane. 
2. Lying horizontally, with one edge making 80^ with the vertical plane. 
8, With ita plane inclined at 46^ to the ground, and one edge at right 
angles to the vertical plane. 4. With one diagonal at right angles 
to the vertical plane, and the other inclined at 46^ to the horizontal 
plane. 

In 1 and 2, first draw the plan in the required position, and 
project the elevations as shown. In 8, draw the elevation a' V at 
46° with X Y, and project for the plan. Make c a equal to a' h\ 

In 4, first draw the plan aBG D and the elevation a^B^D' of 
the square when lying horizontally. Next, turn the elevation at an 
angle of 46° with the horizontal plane, as a'h' d\ Project firom 
a' h' d' to meet parallels from 0, D, and B, giving the plan ahcd* 

FSOBLSK 290.— To draw the plan and elevation of a square of 2^' 
sides : — 

1. When one of its diagonals is parallel to both planes, and the 
other makes 40° with the horizontal plane. 2. With two of its sides 
parallel to both planes, and its surface making 46° with the horizontal 
plane. 

1. First obtain the plan aBOD and the elevation a'B'D' 
when placed horizontally, and from this obtain the elevation a' h' d\ 
and the plan abed when one diagonal is at right angles to the 
vertical plane, and the other is inclined to the horizontal plane at 
40°. The position required is at right angles to this. Place the 
plan abed so that the diagonal c 6 is parallel to X Y. Project 
from this to meet parallels from b' and d\ giving the elevation 
a'b'c'd'. 

2. As in the last figiure, draw the plan and elevation when the 
square is horizontal, and obtain from it the elevation and plan 
when incUned at 46°. Turn the plan at right angles, so tiiat a c 
and bd may be parallel to both planes. Project the elevation, 
obtaining its height as in the previous figure. 

EXEBCI8ES 

1. Draw the plan and elevation of a line 8'' long inclined at equal angles 
to both planes. 

2. Represent the plan and elevation of an equilateral triangle of 8" sides 
standing vertically on one side, with its plane at an angle of 45° to the vertical 
plane. 

3. a' b* and a' c* {Ex. 8) are the elevations of two squares of 8'' and 2" sides 
respectively, having their centres in a line parallel to X 7. The nearest edge 
of &e larger square touches the vertical plane. Draw their plans. 

4. a' b' c' is the elevation of a square with one diagonal parallel to the 
vertical plane and inclined at 80° to it. Draw the plan. The aiafironal a* c' is 
8" long. *^ ^ 
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. FBOBLEM 291. — ^To draw the plan and elevation of a hexagon of 
2'^ sides in the following positions : — 

1. Lying on the horizontal plane, with one side at an angle of 20° 
with the vertioal plane. 2. With a diagonal parallel to the vertieal 
plane, and inclined at 45° to the horiiontal plane. 8. Standing verti- 
cally on one edge, with its plane inclined at 50° to the vertical plane. 

1. Draw a line makiiig 20° with XT, and on it constnict a 
hexagon of 2^^ sides. This will be the plan. Project each angle to 
X T for the elevation. 

2. Draw a hexagon of 2^' sides, a B D E F, with one diagonal 
^rallel to X T. This will be the plan when lying horizontally. 
Project to X T, and turn this elevation at an angle of 46°, giving the 
required elevation, a'h'c' df* From each point in this elevation 
draw a projector to meet the parallel from the corresponding angle 
of the first plan. Then ahedef will be the required plan. 

8. Draw elevation a'B'O'D'E'F' and plan aD of the 
hexagon when its plane is parallel to the vertioal plane. Turn the 
plan at an angle of 50°, and from this project the required elevation, 
a'h'&d'e'f. 

TBJOiBLSM. 292.— To draw the plan and elevation of a hexagon of 
2'^ sides, having two of its edges parallel to both planes, its nearest 
edge V from each plane, and its surface inclined forwards, at 60° to 
the horiiontal plane. 

Obtain the elevation and plan of a hexagon V^ from each 
pJane when two sides are at right angles to the vertical plane, as in 
Fig. 2, Prob. 291. Now turn the plan at an angle of 90°, and place 
it so that ab is V^ from X T ; and as the plane of the hexagon 
slopes forward, de will be farthest from XT. From this plan 
project to meet parallels from the first elevation, giving a*b'c'd'e^f^ 
the required elevation. 

Note. — The plans and elevations of other plane snrfaoesmay be solved in 
a similar manner, and should be worked as exercises by the student. 

FBOBLSK 298.— To draw the plan and elevation of a square of 2\" 
sides, one edge being in the horizontal plane, making 46° with the 
vertical plane, and the surface of the square being inclined at 40° to 
the horizontal plane. 

First draw the elevation, a' &^ and plan, abed^ when one edge 
is at right angles to the vertical phme and the surfeu^e is inclined 
at 40° to the horizontal plane. 

Now place the plan, abed, at the required angle of 45°, and 
project the elevation. As the points a and c are on the horizontal 
plane, project from them to the intersecting line, XT. For the 
elevations of b and d project to meet the parallel from b\ Join 
the points thus obtained for the required elevation. 

EX£BCISES 

1. Obtain the plan and elevation of an equilateral triangle of 8" sides when 
in a similar position to the square in Problem 298. 

2. A re^ar pentagon of 2'' sides stands with one side in the horizontal 
plane, and inclined to the vertical plane at 45°. Its surface is inclined to the 
horizontal plane at 80°. Draw its plan and elevation. 
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T42 PLANE AND SOLID GEOMETRY 

THE CUBE 

FBOBLSK 294. — ^To draw the plan and elevation of a cube of Z" 
sides : — 

1. Standing on the horizontal plane, with one face parallel to the 
yertical plane. 8. With one face on the horizontal plane, and with a 
vertical face inclined at 80° to the vertical plane. 8. Standing on one 
edge with one face, making an angle of 80° with the horizontal plane, 
and its yertical faces parallel to the vertical plane. 

1. The plan will be the square ahcd^ having two of its sides 
parallel to ^ Y. The elevation will be a square of the same size. 

2. Place the square ahcd at an angle of 80° to XY for the 
plan. From each angle of the plan draw projectors. Make df h/ 
equal to a 6, and draw d' y parallel to X Y, completing the eleva- 
tion. 

8. As the vertical fsuses are parallel to the vertical plane, draw 
e^f^ at an angle of 80° with XY, and on it construct a square. 
This will be the elevation. For the plan, draw projectors from 
each angle. Take a point, d^ at any given distance in front of the 
vertical plane, and draw dg parallel to X Y. Make ad equal to 
e'f^, and draw a/ parallel to dg. 

Note. — The line e h will be dotted, because, when the cube is viewed from 
above, it would not be fseen. In Figure 2 the line c' g' is dotted for a similar 
reason. 

FBOBLSK 295. — To draw the plan and elevation of a cnbe of Z'^ sides 
when standing with its vertical faces at right angles to both of the planes, 
and with one face inclined to the horizontal plane at an angle of 80°. 

Draw the elevation and plan when the vertical faces are parallel 
to the vertical plane, as in F^oblem 294, Fig. 8. The required eleva- 
tion and plan wiU be then seen when the projections already 
obtained are viewed at right angles. 

Turn the plan already found so that gf is parallel to X Y, and 
project to meet the parallels from a' 6'/' for the elevation. 

Note. — The student should carefully follow the lettering, and note that 
the same point keeps {he same letter all through. 

FBOBLEK 896 — To draw the plan and elevation of a cube of 8'^ 
sides standing on one edge, with its vertical faces inclined to the verti- 
cal plane at 40°, and its sloping faces inclined to the horizontal plane 
at equal angles. 

Draw ttie elevation, a'B'O'D', and the plan, EC, of the cube 
when its vertical faces are parallel to the vertical plane. Turn the 
plan £ G so that a c is at an angle of 40° with X Y. For the 
elevation, first obtain the front face by drawing projectors from d 
and c to meet parallels from D' and G^ Obtain the back square 
in a similar manner, and join the angles of the two squares. 

Note. — ^The new plan may be placed at the side of the first one, if thought 
desirable, as in the previous problem. 

EXEBCISE 

Draw the plan and elevation of a cube standing on one edge when its 
vertical face is inclined to the vertical plane at 60°, and one of its sloping 
faces is inclined to the horizontd.1 plane at 80°. 
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Note.— Very often the plan and elevation onlv of an object will not safflciently 
represent it, and different views from other standpomts are needed. Theae may be more 
readily obtedned by altering the position of the interKcting line, and assoming fresh 
TertiofJ or horizontal planes, instead of moving the plan or elevation. If the student be 
only taldng Section L of the Science Syllabus, the problems dealing with the alteration 
of the intersecting or ground line may be omitted. 

PBOBLEK 297. —To draw the plan and eleyation of a cube of 3" 
sides, standing on the horiiontal plane, with one of its laces parallel to 
the yertieal plane. Also draw a second elevation when one of its yertical 
faces makes an angle of 50° with the vertical plane. 

Draw the plan and elevation as in Problem 294, Fig. 1. Now, instead of 
placing the ^lan at the given angle, tnm the intersecting line, X 7, until it 
makes 60^ with the vertical plane, and project at right angles from each point 
of the plan, making the height of Uie cuDe tiie same as in the original elevation. 

PBOBLEK 298.— To draw the plan and eleyation of a cube of 3" 
sides standinff with its edge on the horiiontal plane, its vertical laces 
inclined at 4Cr to Uie vertical plane, and one of its sloping faces making 
80° with the horiiontal plane; also another view of the object when its 
vertical faces are at right angles to the vertical plane. 

Draw the plan and elevation when the vertical faces are parallel to the 
vertical plane. Now, instead of turning the plan into a position so that the 
vertical faces would be at the required angle, as in Problem 296, imagine a 
fresh vertical plane whose intersection, X' 7', with the horizontal plane makes 
40° with the vertical faces of the cube. If the paper be now turned so that 
X' Y' be horizontal, the plan will be fonnd inclined at 40° to the new intersect- 
ing line. £Vom each pomt of the front face, dac b^joToject at right angles to 
X' Y', and make a" h" c" d" the same heights above jL' X' as a* h* c* d* are above 
X Y. Proceed in a similar manner for uie back face, and complete the eleva- 
tion, dotting Uie lines which are not visible. 

For the seoond elevation, draw a new intersecting line, X' Y', at right 
angles to Uie vertical face, dach. Project at right angles for the elevation, 
and obtain the heights as before, h'" being the same distance above X' Y* that 
V is above XY; &c. 

Notea— 1. Compare the first projections of this figure with that obtained in Prob- 
lem 896, and notice that one plan answers for both elevations, thus seonring greater 
clearness and saving of time. For the seoond position, compare Problem 295. 

8. This Important principle may be applied to any solid. 

PBOBLEM 899.— To draw the projectionB of a cube when the plane 
of one of its faces is inclined to the horiiontal plane, and at right angles 
to the vertical plane. 

ITote-— To understand this problem let the student place a book on the table, and on 
the cover place a small cube, or any similar ob j eot. The plan of the cube in this position will 
be a square ; but if we open the cover of the book, still keeping the cube fixed on it , we shall 
notice that the shape of the plan changes, although the object still remains the same size. 

Draw the plan, aB OD, of the cube when standing with its face in the 
horizontal plane, and project the points of this face to XY. Draw a*v* at 
the required inclination (say 46°) to the horizontal plane, and rotate B' C 
into it, giving h* c'. Draw perpendiculars to a' v'ata', V, and c', and make 
them equal to C D. Then e' c will be the elevation of the cube. To obtain 
the plan, draw projectors from the top face of the cube to meet paraUels from 
B, O, and D. Project the bottom face in a similar manner, and complete the 
plan, dotting the invisible edges. 

Notes— 1. Any solid in a similar position may be projected in a similar manner by 
first drawing its true shape on the horizontal plane. 

8. All lines that are parallel to the vertical plane are seen their true length in the 
elevation, and all lines that are parallel to the horizontal plane are seen in their true length 
in the plan. 

8. The line a' v', which represents where the oblique plane Capon which the cube is 
supposed to stand) outs the vertical plane, is called the vertical trace ; and a' H, 
which represents where this oblique plane would cut through the horizontal plane, is called 
the horizontal trace. 



PLANS AND ELEVATIONS OF SOLIDS 14s 



Pbob. 297. 




r r 1 n' / / \ >, 




146 PLANE AND SOLID GEOMETRY 

PBOBISX 800. — ^The eleyatioii of a cube with iti yertioal faces at 
right angles to the vertical plane is given. Find the plan. 

Let a^g' be the elevation. Draw parallels to X Y from e\f\ }i\ 
Take any point H, and with a^ e' (the true length of the side of the 
cube) as radius, obtain points G and E. Draw £ F parallel to H G, 
and join F G. Then £ F G H will be the true shape of one of the 
fEUses of the cube. Project from & and g\ and obtain the width of 
the plan as shown. 

Note. — The student will notice that when the cube is in this position the 
plan and elevation are of the same shape. 

PBOBLEX 801.— The plan of a cube with its vertical U/^w inclined 
to the vertical plane is given. Find the elevation. 

Let a^ be the plan. We must first obtain the true shape of 
vertical face, as in Problem 300. Turn the plan so that its vertical 
fisMses would be parallel to the vertical plane as cDBA. Project 
from c, D, B, and A. Point c2 is on the horizontal plane, therefore 
mark jy on X Y. With D'' as centre and c ^ as radius, cut the 
projectors in c' and A'. Draw A'B' parallel to D'c', and join 
B'o', thus obtaining the elevation of the cube when its vertical 
faces are parallel to the vertical plane. Project from a, &, and d to 
meet parallels from A^ and B''. Join the points thus obtained, . 
giving a' h' c' d\ Obtain the back £EU)e of the figure similarly, and 
complete the cube. 

FBOBLEM 808. — The elevation of a cube with its vertical faees 
inclined to the vertical plane at a given angle (say 45^ is given. To 
determine its plan. 

Draw a line a c {Prob. 801) at 45° to X Y, and project each 
point of the elevation to it, giving the points a, &, c, and d. Draw 
a 6 at right angles to a c, to meet the projector from e\ and com- 
plete the figure. 

EXEBCISES 

1. Draw a square of 8" sides standing on the horizontal plane with one side 
inclined at 60° to it. This square is the elevation of a cube. Obtain its plan 
and two fresh elevations, one on a plane inclined to the vertical plane at 80° 
to the right of the figure, and the other on a plane inclined to the vertical 
plane at 46° to the left. 

2. Draw the plan and elevation of a square prism i" long and 2'' wide lying 
on one side. The length of the prism is inclined to the vertical plane at an 
angle of 80°. Also obtain a fresh elevationon a vertical plane inclined to one 
of the ends at 80°. 
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PSISX8. 

The square priim, or parallelopiped, is exactly similar to the cnbe 
in its projections, and presents no fresh points of difficnlty. 

PBOBLEX 808. — To draw the plan and elevation of an equilateral 
triangular prism V' long, side of triangle 8^', in the following pori- 
tions : — 1. 8tanding on its end with one side inolined to the yertieal plane 
at 20^. 2. Lying on its side with its ends parallel to the vertical 
plane. 3. Lying on its side with its ends at right angles to the 
▼ertioal plane. 4. 8tanding on one edge with its axis inclined to the 
right at 80° with the vertioal plane, and one of its rectangular fEices 
inolined to the horiiontal plane at 45°. 

1. The plan will be an equilateral triangle with its side a c in- 
clined at 20° to X Y. For the elevation, project as shown. 

2. Draw the elevation, which will be the equilateral triangle, 
a' V c', and project the plan. 

8. First draw the elevation ABC, when the end is parallel to 
the vertical plane. Draw a line at right angles to the vertical 
plane, and transfer the widths to this Ime, giving the points a, 5, 
and c. From these points draw parallels to X Y, malse them W^ 
long and complete the plan. Project to meet the parcdlel from B 
for the elevation. 

4. Draw the triangle A' V C with its side A' V inclined to X Y 
at 45°. This will be the elevation of the prism when its axis is at 
right angles to the vertical plane. From this obtain the plan. 
Turn this plan so that h e makes an angle of 80° to the right with 
the vertical plane. Draw projectors from each point of the ends 
to meet parallels from C^ and h\ and complete the elevation. 

Note. — This may be solved by shifting the ground line instead of the plan, 
as in Problems 297 and 228. {See 4a.) Draw the elevation and plan when 
the axis is at right angles to X Y. Now as the prism is inclined to the right, 
^aw the fresh ground line, a; ^, on the left side of the plan, and at an angle of 
80° with its length. Project at right angles to xy and make c" and h" the 
same height above m y that c' and V are above X Y, 

PBOBLEH 804. — To draw the plan and elevation of the same prism 
as above, when resting on one of the edges of its triangular ends, with 
one of its rectangular faces inclined at 80° to the horiiontal plane, and 
its axis parallel to the vertical plane. Also a seoond elevation when 
its axis is inclined at 50° to the vertical plane. 

Draw the plan of the prism eBOf when lying on the hori- 
zontal plane as in Problem 808, Fig. 8, and project to X Y. At e' 
draw the vertical trace e^ v^ of the oblique plane on which the prism 
is supposed to stand. Make e^ h' equal to e' W. At e' and &' draw 
perpendiculars, make them equal to D D, the height of the prism, 
and join a^ df to complete the elevation. Project from each point 
of the elevation for the plan. 

To obtain the second elevation, draw a; j^ at an angle of 50° with 
XY. Project from ^,e, and /at right angles to o;^. As e and / 
are on the horizontal plane, c" and/'' will lie on x y. Make <?'' the 
same height above x y that d^ is above X Y. Project from a, h, and 
c. Make 6", c^% and a^^ the same distance above x y that 6' and a' 
are above X Y. Join the ends and complete the elevation. 
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ISO PLANE AND SOUD GEOMETRY 

FBOBLEX 805. — ^To draw the plan and elevation of any right 
priim. In this case an hexagonal prism ^'^ long, sides of the hexagon 
\\'\ in the following positions: — 1. Standing with one end in the 
horiiontal plane and one of its sides inclined to the vertical plane at 
an angle of 50^. 2. Lying on one of its sides at right angles to the 
vertical plane. 8. Lying on one side with its axis parallel to the 
vertical plane. 

1. Draw aline making 50° with XY, and on it constract a 
regular hexagon of IJ'' sides. This will be the plan. The eleva- 
tion may be found as shown. 

2. On X Y construct a regular hexagon, this will be the eleva- 
tion, and project the plan. 

8. Proceed as in Problem 803, Fig. 8, by drawing the elevation 
A D when the end is parallel to the vertical plane. The plan will be 
the same as that in Fig. 2 turned at right angles, and the widths 
will be obtained in the same manner from the hexagon first con- 
structed. Project from the plan to meet the parallels from C and 
D for the elevation. 

Notes. — 1. This method may be applied to all prisms. If a pentagonal 
prism be given, then first construct a regular pentagon, &c. 

2. In the case of the hexagon it shomd be noted that A B is half F G, and 
A/ is half A B. In this particular case the width of tiie prism could have 
been determined without the end elevation ; for if the side be 1^", then the 
full width /c would be 8", 

FBOBLEH 806. — ^To draw the plan and elevation of any right 
prism (say octagonal), with its axis parallel to the horiiontal plane, 
and inclined at 46° to the vertical plane. 

1st method. — Proceed as in Problems 296 or 803. 

2nd method. — Let the sides of the octagon be V\ and the 
length of the prism 8'^ 

Draw the end elevation A E. Project the plan g l» Draw x y 
at an angle of 45° to X Y. Imagine the paper turned so that xy 
is horizontal, then the plan g I will be seen to be at an angle of 45° 
to a; ^. Project at right angles to a; ^ from ^,/, e, and d. Make 
c\ d\ and e^ the same height above x y that C, D, and E are above 
X Y, and from each point draw lines parallel to xy. Obtain the 
back end of the octagon by projecting to meet the parallels already 
drawn, and complete the figure. 

FBOBLEX 807. — To draw the projections of a prism (say pentagonal) 
when its axis is parallel to the vertical, but inclined to the horiiontal 
plane. 

Let the solid rest on one of the sides of the pentagon, and be 
inclined at 80° to the horizontal plane. Draw the traces h' h and 
h' v^ of the plane on which the solid stands. On y h construct a 
regular pentagon A D, and from each angle draw lines parallel to 
X Y. Mark ofif b'V the required length of the prism, and erect 
perpendiculars at b' and V, Project from E and D to X Y, and 
rotate these points to the perpendicular at 5^ From a' and e^ draw 
parallels to 6' l\ giving the elevation. For the plan, project from 
each point of the elevation to the parallels already drawn, as 
shown. 
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FTSAMIDS 

FBOBLEM 808. — ^To draw the plan and elevation of a square pjrramid 
8'^ high in the following positiona :— 1. With ita base in the horisontal 
plane and one of iti edgee making 60° with X Y. 2. With one of its 
triangular laces in the horiiontal plane, and its base at right angles to 
the vertical plane. 

1. Draw d c making 60° with X Y. On it oonstmct a sqnare, 
and draw the diagonals. This will be the plan. For the elevation 
project from each angle of the square to X Y, and from the centre 
6 project the altitude, making e' three inches above X Y. Join e^ 
with each of the points on X Y. 

2. First obtain the plan and elevation, when the pyramid is 
standing on the horizontal plane with one ed^ parallel to X Y. 
Now turn the elevation so that one side rests on jL Y. Then a' h' e^ 
will be the required elevation. For the plan project from a\ h\ and 
e' to meet parallels from c, &, and £. 

FBOBLEX 809. — ^To draw the plan and elevation of a pentagonal 
pyramid with its axis parallel to the vertical plane, and its base inclined 
to the horiiontal plane at 45°. One of its edges to rest on the ground. 
Also an elevation of the pyramid when its axis is inclined to the vertical 
plane at 45°. 

Draw the horizontal trace a' h perpendicular to X Y, and the 
vertical trace a' v' making 45° with it. Let the dimensions of the 
pyramid be as in the preceding problem. On a^h construct the 
regular pentagon a & C D E, and find the centre F. Project from 
D, 0, and F, to X Y, and turn these points into the vertical trace. 
AtF' draw F'/' perpendicular to a'v', and join/' with a\ e\ and d\ 
This will be the elevation. For the plan, project from each point 
of the elevation to meet the parallels from 0, D, E, and F. Join / 
with a, &, c, d^ and e. 

For the elevation, when the axis is inclined to the vertical plane, 
draw a;^ at 45° to the axis, and draw projectors from a, &, c, d^ e, 
and/. Points a and b are on the ground, therefore their elevations 
a^' and y will be on x y. Make e^' and c^' the same distance above 
X y that 6^ is above X Y, and d" of corresponding height to d\ Join 
these points. Project f as much above a? y as / is above X Y, and 
join with each point of the base. 

PBOBLBH 810.— To draw the plan and elevation of a tetrahedron of 
2^^ edge:^l. Standing with one face on the horiiontal plane and one 
edge at right angles to the vertical plane. 8. Standing on one edge 
with its axis horiiontal and parallel to the vertical plane. 

1. Draw an equilateral triangle ah c with one side at right angles 
to X Y. Find the centre d and join with each angle of ^e triangle. 
This will be the plan. For the elevation project from each point of 
the plan as shown. To obtain the height, draw from d a line at 
right angles to h d. With centre h and radius h c cut the perpen- 
dicular in D. Then dDis the required height. 6 c2 D is the true 
size of a section from the axis of the figure to one angle. 

2. Draw the plan A be as before, and project to X Y. Turn the 
elevation so that the axis is horizontal, obtaining the altitude as 
before. For the plan project as shown. 
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FSOBLEK 811. — ^To eoattraet the plan and elevation of an octa- 
hedron : — 1. Wlien one of iti axee is yertieal. S. When one of its 
tziangnlar fiieea is in the horiiontal plane. 

Note. — ^The octahedron has eight faces, each of which is an equilateral 
triangle. It is formed of two square pyramids placed base to base, and all its 
edges are eqnaL It has three diagonalB, all of equal length. 

1. Draw a (2 at any given angle to X Y. On it constmct a square 
and draw the diagonals. This will be the plan. For the elevation 
draw a projector from e, and make the axis e' e' equal to a c. Bisect 
e' e' by a' c' and draw projectors from each angle of the plan. Join 
the points a', h\ c\ and d\ with the points e'e', 

2. As each feice is an equilateral triangle, draw ahc\ this will 
be the plan of the bottom face. Describe a circle about the triangle, 
and diaw the hexagon a e. Draw d e, e/, / d. 

Project the elevation of the ia^e adb. To obtain the height, 
with centre b' and radius eqoal to an edge of Uie solid, ss ab, cut 
the perpendicular from d in d\ Join d' with a' and b\ From d' 
draw d' e^ parallel to X Y to meet the projector from e. Join e' 
and b\ 

Note. — The student may easily make an octahedron to illustrate these 
positions. If a & be the edge of the sohd, develop eight equilatend triangles 
as shown, on cardboard or thick paper. Cut out the shape of the development, 
and by folding the edges ol the triangles and gumming over with thin paper, 
the solid may be made. 



THE CntCLE 

FBOBLEX 312. — ^To draw the plan and elevation cf a circle of 3'' 
diameter : — 1. H^th its plane vertical and parallel to the vertical plane. 

2. With its plane vertical and inclined to the vertical plane at 40°. 

3. Hi^th its plane inclined to the horiiontal plane at 45° and at right 
angles to the vertical plane. . 

1. The elevation will be the circle a' &', and its plan the straight 
line ab» 

2. The plan will be the straight line a b inclined at 40^ to X Y. 
For the elevation, which wiU be an ellipse, describe a semicircle on 
a b. Draw the semi-diameter c 0. TfJce any number of points in 
the curve as E and D equidistant from 0, and draw perpendiculars 
E «, D e2. From a, 6, c, c2, and e, draw perpendiculars to X Y. Make 
c' c' equal to a &, and bisect it by a horizontal line for the points 
a* and b\ Set off eE on each side of a'V for t!:e points e' e' and 
d^ d\ Draw the curve of the ellipse through the points thus obtained. 

8. The elevation will be the straight line a' b' at an angle of 45° 
to X Y. For the plan describe a semicircle on a' 6', and divide it as 
in the preceding figure. Project from a', e', c\ d\ b\ Draw a 6, 
and on each side of it set off the widths as in l^*ig. 2 and draw the 
ellipse. 

Notes. — 1. It will be found convenient to divide the semicircle into 4 or 
6 equal parts, thus obtaining either 8 or 12 points in the curve. 

2. In large figures the French curve may be used to trace the ellipse. 



PLANS AND ELEVATIONS OF SOLIDS 155 




Peob. 311. 




Pbob. 312. 




156 PLANE AND SOUD GEOMETRY 

PBOBLEX 818. — ^To draw the plan and elevation of a cirele of 8'^ 
diameter when iti plane is inelined at 60^ to the horiiontal plane, and 
a diameter is parallel to both planes. Also a second elevation, when 
the same diameter is inoUned to the vertical plane at 45^. 

First draw the elevation AB, when the plane of the circle is at 
right angles to the vertical plane and inclined to the horizontal plane 
at 60°. 

Descrihe a semicircle on A B, and obtain the points D and EL 
From D, G, E, and B draw parallels to X Y. Draw a centre line 
a^ 6^ and from tiiis line set off on each side the distances C O, E£, 
&o., giving the points cV, eV, and df d\ The ellipse drawn 
through these pomts wiU be the elevation. 

For the plan project vertically from each of the points c^, d\ a\ 
Then draw perpendiculars from D, G, E, and B, obtain these points 
on the projector from c', and from each of the points draw parallels. 
The intersection of these lines with the verticiQ projectors will give 
the points a, &, c, dy and e of the plan. Through these points draw 
the ellipse. 

For the second elevation, draw x y, making 45^ with the diameter 
CO. Draw four lines parallel to a;y, and the same distances above 
it as the lines from D, G, E, and B are above X T. From a and b 
draw projectors to meet the lines A and B, ^ving the points a'^ and 
y ; from d and d draw projectors to D, giving the points d^\ d^' ; 
from c and c draw projectors to G for the points f/\ c'^ ; and from 
e and e draw projectors to E for the points e^i ^\ Through the 
points thus obtained draw the ellipse. 

THE 8FHSBB 

FBOBLSX 814.— To draw the plan and elevation of two spheres of 
%" and V diameters respectively, standing in contact with each other 
on the horiiontal plane, the line joining ^eir centres being parallel to 
the vertical plane. 

Ab the line joining their centres is parallel to the vertical plane, the eleva- 
tion will be two circles tonching each other. Describe a circle of ^"radius on 
XY. Produce its diameter and make a'B equal to the sum of the radii of 
the two oirdes, that is 2". Draw a line parallel to X 7 and 1^" distant from 
it. With centre a' and radius a'B intersect the parallel in V, With V as 
centre descrihe the larger circle. 

For the plan, draw projectors from a' and 5', and with radii equal to 1^" 
and \l* describe two circles. Keep a 6 parallel to XY. 

PBOBLSX 815. — ^Fonr equal spheres of \' radius, each tonching 
the other three, rest on the gronnd plane ; the lines joining the centres 
of the three spheres resting on the gronnd form an equilateral triangle, 
one side of which is at right angles to the vertical plane. Obtain the 
plan and elevation. 

First draw the plan. Ck>nBtruct an equilateral triangle of 1^" sides, having 
its side a c peroenoicular to X Y. With each angle of the triangle as centre, 
and a radius of |", describe three circles. The centre d of the triangle wiU be 
the centre for the fourth sphere. 

For the elevation project from a and 2>, and describe two circles from a' 
and h\ The cirde described from c lies exactly behind the circle described 
from a. For the centre of the to^ circle draw a projector from <2, and with 
centre V and a radius of 1^" cut this projector in d*, 

IVote.— If h d had been inclined to the vertical plane then the height of d' 
e the line a' &' would be found by obtaining the height of the tetrahedron 
^ by uniting the centres of the four circles. {Problem 810.) 
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THE CYLIKDEB AHD COKE 

PBOBLEM 816. — To draw the plan and elevation of a cylinder : — 
1. Standing with its end in the horiiontal plane. 2. Lying with its 
axis at right angles to the vertical plane. 8. With its axis parallel to 
both planes. 

The projections in this case explain themselves. 

PBOBLEK 817. — To draw the plan and elevation of a cone : — 1. Stand- 
ing on the horiiontal plane. 8. With its axis horiiontal and at right 
angles to the vertical plane. 8. With its axis parallel to both planes. 

These projections, like the cylinder, require no comment. 

PSOBLEM 818. — To draw the plan and elevation of a cylinder, 
diameter 8^^ length 4^', lying on the ground with its axia inclined to 
the vertical plane at 80^. 

Draw d o making 30° with X Y, and on it construct a rectangle 
4^^" long and B'^ wide. This will be the plan of the cylinder. 

On 6 describe a semicircle. Divide it into 4 equal parts, and 
draw lines through each point of division parallel to a 6 and c d. 
From each point in 6 c and a d draw perpendiculars to X Y, and 
obtain the ellipses as in Problem 812, Fig. 2. 

PSOBLEK 819. — To draw the plan and elevation of a cylinder with 
its axis inclined to the horiiontal plane at an angle of 80°, and parallel 
to the vertical plane. Also a side elevation of the cylinder when viewed 
from the left at right angles to its first elevation. 

The elevation will be a rectangle with its side a' h' inclined at 30° 
to the horizontal plane. 

For the plan describe a semicircle on a^ c\ divide it, and draw 
parallels to a' &^ as in the previous problemr From each point ina' & 
and h' d' draw perpendiculars. Draw h c parallel to X Y at any 
convenient distance, and on each side of it set off the ordinates as 
in the previous problems. 

To obtain the side elevation first draw V P^ the side elevation 
of the vertical plane. Next draw the centre line a^' d^% and place it 
as far from V^F' as the centre line, b c, of the plan is from X Y. 
The cylinder will then be shown in elevation its correct distance 
from X Y ; whatever distance / is from X Y in the plan, f^^ should 
be the same distance from V^'P^ in the side elevation. Project 
horizontally from each point of the elevation, and set off the ordinates 
on each side of the centre b'ne as before ; or turn the widths from 
the plan into X Y as shown. 

PSOBLEK 820. — To draw the plan and elevation of a cone, having its 
base inclined at 60° to the horiiontal plane, and its axis parallel to the 
vertical plane. Also a side view at right angles to the first elevation. 

Draw a^ h' making 60° with X Y. Bisect it and set up the height 
of the cone & d\ Join a^ and h^^ with d\ This will be the elevation. 

For the plan describe a semicircle on a' h\ and divide it as in 
the previous problems. Draw a centre line a d parallel to X Y. 
Set off the ordinates, draw the ellipse and the sides of the cone. 

For the side elevation draw V^P', and set off the centre line, h'^d'\ 
as shown. The rest of the projection is similar to that of the cylinder. 
For tiie sides of the cone draw tangents to the ellipse from d'\ 
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PSOBLSM 881. — ^To draw the plan and elevation of a cone lying 
-with its side in the horisontal plane and its axis parallel to the verti- 
cal plane. 

Let the diameter of its base be 2}^^ and its altitude W\ 
Draw the elevation Ah''F when the cone has its axis vertical 
Tom this elevation so that &^F will be horizontal, then a' Vf wUl 
be the required elevation. 

For the plan describe a semicircle on a' &^ and draw perpen- 
diculars from each point. Draw the centre line hf parallel to X Y, 
and complete as in the previous problems. 



PBOBLSM 822. — ^To draw the plan and elevation of a eone lying 
with its side in the horiiontal plane, and its axis inclined to the verti- 
cal plane at 45^. 

Obtain the elevation and plan when the axis is parallel to the 
vertical plane as in Problem 821. This plan may now be placed so 
that its axis makes 45^ with X T, and a new elevation projected 
having the same height as a* h'f. The better method, however, is 
to move the intersecting line to the required angle (45^. If the 
paper be now turned so tiiat xy v& horizontal, then h af will repre- 
sent the j?Zan of the cone in the required position. In projecting 
the elevation, care must be taken to make each point in the new 
elevation the same distance above xy 9& the corresponding point 
is above X Y. First project from hixixy^ obtaining h'\ next draw 
from a and make a^^as feur above xy9& a^ is above X T. Then 
a" b^' is the elevation of a 6. Now project cc, dd,ee, and /. It 
is only necessary to set off the height of c'% d'\ and e^' once, as a 
parallel to a;^ will give the opposite point. To complete the eleva- 
tion, draw a tangent to the curve from/"^ for the side of the cone. 

Notes. — 1. A projection of the cone at any other angle may be obtained in 
a similar way, whether it be on its side, or as in Problem 820. 

2. The projections of a cylinder having its axis inclined to the vertical plane 
may be obtained in the same manner. 



PBOBLEX 828.— A pentagonal right prism, side of base 1*6'', 
height V^t i^sts on a horisontal plane. On it is placed a right oone, 
whose base oircle tonohes the sides of the top of the prism. The height 
of the cone is 2'\ Draw the plan and an elevation on a plane making 
40"^ with one side of the base of the prism. {Sc, 1889.) 

Draw a h making 40^ with X Y, and on it construct a regular 
pentagon of 1*5^^ sides. Find its centre and inscribe a circle. 
This will be the plan. 

For the elevation, project from each point of the pentagon to a 
distance of 1'' above X Y, and draw e^ h' parallel to X Y, giving the 
elevation of the prism. Draw a diameter through o parallel to 
X Y. Project from each extremity of the diameter to e^ h\ and 
from o to a distance of 2^' above e' h\ Join o^ with/' and g\ 
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BECnOlTB 

The plan and elevation of an object frequently do not famish all the in- 
formation tibat is necessary to constrnct it. In the constmction of a bnilding, 
for instance, not only is it necessary to show its height, and the space covert 
by it on the ground, but also its internal structure. To represent this we must 
imagine the building to be cut through by a vertical plane, and a drawing made 
of the cut or seotion. This drawing would show tiie position, arrangement, 
and thickness of the floors, &c. 

The portion of the object that is cut through is usually indicated by draw- 
ing a series of equidistant parallel lines, making an angle of 45° with the 
intersecting line. 

The difference should be noticed between the sectional plan and eleva- 
tion, and the true shape of the section. The MciwnaXjplan is the appear- 
ance of the object when viewed vertically from above ; the zectional elevation is 
its appearance when viewed horizontally forwards ; the true shape of the section 
is seen when the section is looked at perpendicularly to the plane of section. 

The sectional plan will only show the true shape of the section when the 
section is made by a horiMontoL plane passing through the object. The 
sectional elevation shows the true shape when the section is made by a plane 
at right angles to the horieontal plane B/ad parallel to the vertical plane. In 
all other sections the true shape should be projected at right angles to the 
plane of section. 

PBOBLEK 824. — ^The elevation of a eubo is given. Pind the 
sectional plan and the trne shape of the seetion made by a plane at 
right angles to the vertical plane, passing through a' h\ 

Find the plan of the cube. From a^ and h^ draw perpendiculars 
to X T. Then ah^ah will represent the plan of the section. Draw 
the parallel section lines aoid complete. 

Note. — The portion of the cube above a' V must be considered to be re- 
moved. The psurt of the plan in thick line would &en be the only portion 
visible. 

For the tme shape project perpendicularly from a' and h\ and 
set off the width a a equal to a a in the plan. 

PBOBLEK 825. — The plan of a onbe out by a verlioal seetion 
tliroagh a 6 is given. Obtain its elevation and the true shape of the 
seotion. 

Project from c and d. Make & (/, d/ d* equal to the side of the 
plan, and join. From a and h project to the elevation for the section. 

Note. — It is not necessary to project from the front comer, as the portion 
of the cube below a 6 is supposed to be removed. 

The tme shape is the rectangle aa bb having its side aa equal to 

PBOBLEK 826. — ^A onbe is out by a plane passing through a^5^ 
Obtain the plan and the tme shape of the section. 

Draw the plan of the cube. From y project to the plan. The 
whole of the top of the cube to the left of bb is cut away, and must 
be shaded with sectional lines. 

For the tme shape, project at right angles from each point where 
the section plane cuts the cube. Mark the point a on the projector 
from a^ and draw a centre line perpendicular to a' a. Make c c and 
bb equal to cc and bb in the plan. 
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nOVLKK 827.— A oube of 2'^ lides standi on the horiiontal plane, 
two of its yertieal fsees are inelined at 80° to the yertieal plane. The 
enbe is ent by a plane whioh is perpendienlar to the vertieal plane, 
makes an angle of 60° with the horisontal plane, and passes through 
the eentre of the top fsee of the enbe. Draw the plan, elevation, and 
seetion. (Art, 1887.) 

Draw the plan of the cube with two of its sides inclined at 80° I 
to XY, and project the elevation. The position of the section | 
plane must now be ascertained. Find the centre o of the plan. 
As the section plane is perpendicular to the vertical plane, the line I 
ee will indicate where the plane cuts the top of the enbe. Project | 
this line to the elevation, and from e^ draw e^f to meet X Y at an 
angle of 60°. From f project to the plan. If we imagine the ' 
portion of the cube above e'f to be removed, then /a b c/ will be 
the sectional plan. ! 

To obtain the true shape of the section, we may project at rijght . 
angles from each {joint where the' section plane cuts the elevation, 
and transfer the widths of the section from the plan as in Problem | 
826, or we may project from the plan and transfer the distances 
f* 1 and/' e* from the elevation. Both methods are shown in this | 
problem. The student must be guided by the space at his disposal, 
and the general arrangement of the figure, as to which is the better I 
course to adopt. From «,«,/,/, draw lines parallel to XY. Set i 
off /'I and/e' equal to/'l and/' «' in the elevation. From e' 
draw a perpendicular to meet the parallels from e e. From 1 draw | 
a perpendicular to meet the paraJlel from a, and from f draw a 
perpen^cular to meet the parieJlels from//. Join the points thus I 
obtained. 

Note. — The student will notice that the verliedU in the sectional plan and 
the trae shape are equal. 

PBOBLEX 828. — The plan of a enbe ent by a yertieal section plane, 
1 4, is given. Draw the elevation and the true shape of the section. 

Draw perpendiculars from a, 5, c, d. From h' with radius equal 
to a a, cut the projectors from a and c in a^ and e' and complete the 
square. Project from 1 and 4 and complete the section. 

For the true shape project from each point of the section 
parallel to X Y. On X Y set off 1, 2, 8, 4, equal to the same dis- 
tances as in the plan. From 1 project to the parallels from 1^ 1^ 
from 2 to the top line, the point 8 is on X Y, and from 4 project to 
the parallels from 4' 4\ Join the points thus obtained. 

PSOBLEII 829. — ^The elevation of a enbe cut by a section plane, 
V 8^ IS given. Obtain its plan and the true shape of the section. 

The plan will be the same shape as the elevation. From 1^ 
project to the corresponding line in the plan, from 2' obtain 22. 
The point 8' falls on the face of the square which is represented by 
a line in both elevation and plan; hence to obtain the width of the 
section draw the true shape of the end of the figure. The hori- 
zontal line drawn through 8^ will be the required width. Set off 
6 8 on each side of eb equal to 8' B'. Draw 8 2, 2 5. 

For the true shape project as shown, setting off the distances 
1', 2', 8' on X Y equal to l^ 2', 3', in the elevation. 
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PBOBLEM 880. — ^The plan of « cube cut liy a vertioal plane, 1 4, is 
given. Obtain its eeoUonal elevation. 

The elevation of the cube will be of exactly the same shape as 
the plan. The points 2 and 3 of the section may be projected to 
the corresponding lines of the elevation, giving the two points 2^ 
and 3^ As the vertical £a.ces of the cube are represented by one 
straight line in both plan and elevation, it will be necessary to draw 
the true shape of the vertical £a.ce as in the previous problem. 

Draw parallels from each point of the elevation. Set off h 1, 
h d, bfi bijbh on HY, and from b, d,f, and h draw perpendicxdars 
to meet the parallels from the corresponding point of the elevation, 
giving the elevation of the cube when turned with its vertical &ce 
5 i^ in front and parallel to the vertical plane. From 1 and 4 draw 
perpendiculars, giving the widths of the section on the vertictd 
huoea. From V V draw parallels to meet e^ c\ and from 4^ 4^ draw 
parallels to meet j^ d'. Join the points thus obtained and complete 
the section. Notice that the angles d and /are cut away, and are 
therefore not shown in the elevation. 

PBOBLEM 881. — The plan of a cnbe cut by a plane parallel to the 
yertioal plane is given. Obtain its elevation. 

Draw the elevation of the cube as in Problem 301. For the 
section find each point where the section plane cuts the lines of the 
plan, on the corresponding line of the elevation. Point 1 is on line 
a Cf then project from 1 to a^ e^ point 2 is in e{ ^, then 2' will be in 
d^ h\ 3 is in &/, then 8^ will be in b^f^ 4 cuts b c and c d, then its 
projections will be in 6' c' and o^ d\ 

Join the five points and complete the section. The tme shape 
will be the same as the section obtained, because the section plane 
is parallel to the vertical plane. 

PBOBLEM 882. — The elevation of a cube cut by an oblique plane 
at right angles to the vertical plane is given. Obtain its sectional 
plan, and true shape of the section. 

To obtain the plan, first draw the elevation DCAB of one 
foce of the cube when at right angles to the vertical plane. The 
plan of this vertical face would be a line of exactly the same 
length. Project from each of the points a% b\ c\ d\ and mark c. 
With c as centre and D B as radius, intersect the projector from a' 
giving ca the plan of the front vertical face. On c a mark off c 6 
and c d equal to D C and D A. 

Draw projectors from each point of the elevation of the ba.ck 
face, and from a draw a perpendicular a e to meet the projector 
from e\ Draw e g parallel to a c. Join gc^bf, and d h. 

For the section project from V to e h, 2' to a d, 8' to fg, and 4' to 
b c. Join 1 and 2, 3 and 4, and complete the section. 

The true shape of the section wOl be found as in the previous 
problems. 

Note. — ^The cube has been treated in a variety of positions, and the student 
should apply similar methods of treatment to the square prism. 
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"FB/OiBLEM 888. — The plan of a iqoare prism eut by a vertical plane 
if given. Pind the elevation. 

In drawing the elevation, 5' c^ will equal a c. The section may 
be readily understood by following the Imes. 

PBOBLEM 884. — ^The plan of an equilateral triangular prism is 
given. Obtain the sectional elevation and the tme shape of the section 
when cnt by a vertical plane passing through 18. 

Project the elevation, obtaining its height by fifiding the height 
of the equilateral triangle described upon a b. Draw perpendiculars 
from 1, 2, and 3, to the corresponding lines of the elevation. Join 
the points thus obtained, and complete the elevation. 

For tiie true shape, draw as shown, obtaining the heights from 
the elevation, or project from the elevation as in Problem 827. 

PBOBLEM 885. — ^The elevation of an hexagonal prism having one of 
the diagonals of its ends parallel to X Y is given. Draw the plan and 
the true shape of the section when cut by a plane, 1^4^, at right angles 
to the vertical plane. 

Draw the plan, and project from 4^ For the true shape project 
horizontally from each point of the section. Transfer 1% 2', 3^, 4', 
from the elevation, and complete as shown. 

PBOBLEM 886. — ^The elevation of anhezagonalprismis given. Obtain 
the sectional plan when cut at right angles to the vertical plane by the 
plane, 1' 8'. 

Draw the plan as in Problem 805. For the width of the section 
on the vertical &ce make 3 3 equal to a 5. The problem may be 
easily followed from the construction lines. 

PBOBLEM 887. — The plan of an hexagonal prism with its axis 
inclined to the vertical plane is given. Obtain the sectional elevation 
made by a vertical plane passing through 1 4. 

Project from each point of the plan. On ad construct half a 
regular hexagon as shown, and set off twice c c for the height of 
the elevation. Project from 1, 2, 3, and 4 for the section as i^own. 

PBOBLEM 888. — ^The elevation of an hexagonal prism with its axis 
inclined to the vertical plane is given. Obtain the sectional plan when 
eut by a plane, 1^4^ at right angles to the vertical plane. 

First obtain the true shape of the end. Project horizontally 
from e^ and/". Take any pomt A and draw the diagonal AD at 
an angle of 60° with X T. On it describe a circle and inscribe the 
hexagon in it. Project from each angle of the elevation. In the 
projector from/' take any convenient point/. 

With centre / and radius F C, intersect the projector from </, 
Draw / c and mark e and d. Now draw perpendiculars to /o from 
/, e, d, and c, meeting the projectors from the back &ce in n^mflt 
and 7c, Join n k. 

For the section draw perpendiculars from 1^ 2', 8^ and 4^ Join 
the points thus obtained, and complete the figure. 
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PBOBLEX 889. — ^The elevatioxi of a iquare pyramid ent by an 
obliqne plane is given. Draw fhe plan, side elevation when viewed at 
right angles from the left, and tme shape al the section. 

Draw the plan. Project V and 8^ to it. It is evident that 2' 
cannot be projected to t^e corresponding Ime in the plan, because 
the line is vertical. 

To obtain the plan of 2' draw a horizontal line a a throagh 2'. 
Make 2 2 in the plan equal to a a, and complete the section. 

For the side elevation draw V^ P', project IJie angles of the plan 
on to it, transfer the points to X Y, and complete the second eleva- 
tion. From V 2^ and 8' project horizontally to meet the edges of 
the pyramid. Join the points thus obtained, and complete the 
figure. 

Note. — Finding the side elevation is the generaX method for ascertaining 
the width of the seotion of a pyramid when the point cannot be projected directly 
from the elevation to the puui. 2' 2' in the elevation is the required width for 
2 2 in the plan. In a pyramid having tiie diagonals of its base at right angles, 
a« in the square and octagon, a horizontal line drawn through the centre of the 
section as a a will give the width of the section at that point directly. 

For the tme shape project as shown, making 22 equal to 22 in 
the plan. 

PSOBLEM 840. — The elevation of an hexagonal pyramid cut by a 
plane, 1^ 8^ is given. Draw the sectional plan, and the tme shape of 
the section. 

Draw the plan of the pyramid. Project V and 8^ giving 1 1 
and 8 8. 

As in the preceding problem, 2^ cannot be directly projected. 
Find the side elevation as in the last problem. 2' 2' will then repre- 
sent the true width of the section. Transfer this to the plan, and 
complete the section. 

^e tme shape may be easily followed from the lines. 

PBOBLEK 841. — The plan of an octagonal pyramid ent by a vertical 
plane is given. Draw the elevation and tme shape of the section. 

Draw the elevation, and project points 1, 2, 4, and 5. To obtain 
the elevation of 8, draw a side elevation of the pyramid, and project 
from 8 to V^ P'. Turn 8 into X Y, and erect a perpendicular to 
meet the outside edge of the pyramid at 3^, giving the highest 
point of the section. 

From 3^ draw 8' 3^ parallel to X Y, giving the required point. 

Join the points, and complete the section. 

For the tme shape, set off 1, 2, 8, 4, 5 on X Y and from 2', 8', 4', 
project horizontally to meet the perpendiculars from 2, 8, and 4. 

PSOBLEK 842. — The elevation of an hexagonal pyramid ent by an 
oblique plane perpendicular to the vertical plane is given. Obtain its 
sectional plan. 

First draw the true shape of the base of the pyramid. 

Project from each point of the elevation. Make h a, a a^ah 
equal to B A, A A, A a\ and complete the plan. For the sectioa, 
project from V to da/d a, from 2^ io dh,d 6, and from 8' to the 
remaining two edges. Join the points and complete the section. 
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PAOBLEM 848. — The elevation of an hexagonal pyramid lying on 
one Df its sides with its axis parallel to the vertical plane is given. 
Find the plan when cut by a plane passing throngh V 8^. 

Draw the true shape of the base and obtain the plan as in the 
previous problem. From 1', 2^, and 3^ project to the corresponding 
lines of the plan, and complete the section. Notice that 6 6 will 
not be seen in the plan, beoaase V would be cnt away by the section 
plane. 

PSOBLEM 844. — ^The plan of the same pyramid with its axis 
parallel to the vertical plane is given. Obtain its sectional elevation 
when cnt by a vertical plane 1 5. 

First cbraw a regular hexagon on a 5. This will be the plan of 
the pyramid when standing on its base. Project to XT and 
obtain the elevation. For tiie height, with centre E' and radius 
ag^ cut the projector from G in GK. 

Turn this elevation so that A' G' lies on X T. 

For the section project from 8, 4, and 5 to the corresponding 
lines in the elevation. As the section plane cuts the lines a b and 
de whose elevations are the points a' and e\ these points will repre- 
sent points of the section. Join the points and complete the 
section. 

PBOBLEM 845. — ^The plan of the same pyramid has its axis in- 
clined to the vertical plane. Obtain the elevation when out by a verti- 
cal plane passing through 15. 

The elevation a' e' g' must be first obtained as in the previous 
problem. Project from a and 5 to X T, from o andy to meet the 
parallel from f, and from d and e to meet the pa^rallel from e\ 
Join the points thus obtained. Project ^ to X T, and join g^ with 
the angles of the hex^on. 

For the section project as shown from 1, 2, 3, 4, and 5. 

PBOBLEM 846. — ^The elevation of a sphere cnt by a horisontal 
plane is given. Obtain its plan. 

Project the centre o' of the sphere, and describe a circle having 
the same radius as the given circle. From 1^ and 2' project to the 
diameter of the plan, and describe the circle. 

PBOBLEM 847. — ^To draw the sectional plan of a sphere, when its 
elevation is cnt by an oblique plane. 

Project the circle and points 1^ and 2^ as before. We have now 
to obtain the plan of the circle of which 1' 2' is the elevation. 
Describe a semicircle on 1' 2', divide it, and draw perpendiculars. 
Project from 3^ 4^ and 5^ and on each side of the diameter 
set off distances equal to the perpendiculars at 3^ 4^ and 5'. 
Sketch in the curve, and complete the section. 

PBOBLEM 848. — The plan of a sphere cnt by a vertical plane is 
given. Obtain its elevation. 

This is solved in an exaotiy similar manner to tiie preceding 
problem. 
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VROVLSM 849. — ^The eleration of a eylinder eut by a plane paniiig 
through V2^ if giyen. Find its plan, and a tide elevation when 
viewed at right angles to its flrst position. 

The plan will be a rectangle. Project from 1' and 2' as shown. 

For the side elevation, tnm the plan at right angles as shown, 
and project to meet the parallels from 1' and 2\ 

FBOBLEM 850. — The elevation of a cylinder when its axle is 
parallel to both planes is given. Find the secUdnal plan made by a 
plane passing throngh V %\ 

The ^lan of the cylinder will be a rectangle eqnal to the elevation. 
To obtam the width of the section draw half the tme shape of 
the end. Then 2^ 2' will be half the width of the section. Set off 
2* 2^ on each side of the centre line of the plan. 

FSOBLSM 851. — ^A cylinder standing on one end is cnt by a plane, 

V 2\ Ihraw its sectional plan, also the true shape of the section. 

The plan of the cylinder will be a circle. Project from 2^ and 
complete the section. 

The true shape of the section will be a segment of an ellipse. 
Project at right angles to V and 2^ and draw 1 a at right angles to 
the projectors. Make 22 in the true shape equal to 22 in the 
sectional plan. To obtain other points in the curve, draw 8 8 throngh 
the centre of the plan, project to the section line 1^ 2^ from thence 
project at right angles, making 8 8 equal to 8 8 in the plan. Other 
points, as 4 4, may be obtained in a similar fEbshion. Through the 
points thus obtained draw the curve. 

FEOBLEX 852. — Given the elevation of a cylinder cnt by a plane, 

V 4^ Draw the sectional plan and tme shape of section. 

Draw the plan, which will be a rectangle, and mark the centre 
line op. On the elevation describe a semicircle which wiU be half 
the true shape of the end. Project from 1^ to ojp, then 1 wiU be the 
extremity of the axis of the ellipse. 4^4' will be the width of the 
section on the end of the cylinder, then set off the distance 4^ 4^ on 
each side of ^, giving the points 4 4. Through the centre a of the 
semicircle diaw a a, and produce it to meet the section line at 3^ 
I^oject from 8^ to the plan, giving the points where the section is 
widest. Any number of points in the curve may be obtained. Take 
2' a point in the section line, and project horizontally and vertically. 
Set off the distance 6 6 on each side of o^ for the points 2 2. Through 
the points sketch the curve of the section. 

For the tme shape project at right angles as shown, and make 
the widths 2 2, 8 8, and 4 4 equal to the widths 2 2, &c. in the plan. 

FEOBLEM 858. — The plan of a cylinder cnt by -a vertical plane is 
given. Obtain its elevation. 

First obtain the elevation of the cylinder as in Problem 818. 
Project from 1 to the centre line of the elevation for 1', from 4 to 
the face giving 4' A\ From 8, the point where the section plane 
cuts the axis, project to the elevation for 8' 8'. If the ordinate a a 
of the semicircle be produced to cut the section line in 2, two more 
points in the curve may be obtained. Project from 2, and set off 
the ordinate a a, on each side of the centre line for the points 2' 2'. 
Through the points obtained sketch the curve and complete. 
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n/OiBLSM 854. — The elevation of a eylinder cut bj a hoxiiontai 
section plane V 8' ii giyen. Obtain its plan. Also obtain an eleratloB 
wben ont by a Yortieal plane, 8' 5', and yiewed from the right. 

First draw the plan of the cylinder as in Problem 819. Project 
from 1' and 8' for points 1 and 8 8. Prodnce b' h' to cut the sec- 
tion line in 2^ Project from 2' to the plan, and set off the distance 
h^ 6' on esbch side of the centre line for the points 2 2, or draw 
parallels from & & in the plan as shown. Sketch in the curve and 
complete the section. 

For the second elevation draw V^P' the edge of the vertical 
plane, project the points to it fr^m the plan, turn them into XT, 
and erect perpendiculars to meet the paiallels fr^m the elevation as 
in Problem 819. Project horizontally from 8' and 5^ thns obtain- 
ing the top and bottom of the section. From 4/ draw a parallfil 
and set off a' a' on each side of the centre line, thns obtainmg the 
points 4t 4t', Sketch in the curve and complete. 

Note. — ^If another point c' between 1' and 2' be taken and projected to 
the plan, the ordinate <yc\ set off on each side of the centre line, will give c e, 
two more points in the curve. 

PROBLEM 855. — ^A cone stands with its base in the horiiontal 
plane. Show: — 1. A section made by a horisontal plane. 8. A section 
made by an obliqne plane passing throngh the apex. 3. The tme 
shape of a section made by a vertioal plane passing throngh the apex. 

These sections can be followed from the figures without difficulty. 

FSOBLEM 856.~^The elevation of a cone cat by a plane V h' is 
given. Draw its plan, the tnie shape of the section, and a side eleva- 
tion viewed from the left. (See page 116 for the sections of the cone.) 

There are two convenient methods for finding the sectional 
plan» 

1. Draw the plan of the cone and divide it into any nmnber of 
equid parts (in this case eight) by the lines ah,c d, e/, and g h. 
Obtain these lines on the elevation. The plane of section onts these 
lines in the points l^ 2\ 8^ &o. 

Point 1^ is on line a^ o\ therefore its plan will be on a o, 2' is on 
line g' o\ and its plan will be on g o, and the corresponding point on 
the opposite side of the cone wHl be on e o. Project At tofo and 
h 0, and 5' to h o. As 3' cannot be projected vertically, set off 8' 8' 
on each side of line a 6, as in Problem 829. Sketch in the cnrve 
and complete the section. 

2. Draw the plan, and find points 1 and 5 as before. Take any 
number of points as 2' and i\ and imagine horizontal sections 
passing through these points. The plans of these sections will be 
circles. Draw two circles having diameters equal to the horizontal 
lines passing through 2' and 4t\ From 2' and 4^ the points where 
the section plane cuts the circles, project to the plans of the corre- 
sponding circles. Draw the curve through the points obtained. 

For the tme shape of the section, project as shown, making 22, 
8 8, and 4 4 equal to 2 2, 8 8, 4 4 in the plan. 

For the side elevation. Turn the plan at right angles. From 
1% 2', 4', and 5' project horizontally, and make the widths 212' and 
4'4^ equiJ to 2 2 and 4 4 in the plan. 
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TBOSLEM. 857. — The eleration of a oone out by a leetion plane 
parallel to its side ia giyen. Obtain the leotional plan and the trne 
shape of the section. 

Draw the plan of the oone, and find points 1 1 and 4 of the 
section. To find other points in the onrve, take any number of 
points, as 2' and 3', and draw horizontal section lines through each 
point. Obtain the circles on the plan of which these lines are the 
elevations. Project firom 2' for points 22, and from 8' for 8 3. 
Through the points obtained draw the curve. 

For the true shape, project at right angles to the section line 
from 1', 2', 8', and 4'. Draw a centre line, and make V 1', 2' 2', 3' 3' 
equal to 1 1, 2 2, 8 8 of the plan. The curve drawn through these 
points will be a pa/rahola. 

PEOBLEM 858. — The plan of a oone cut by a vertical seetion plane 
is given. Find the elevation and trne shape of the section. 

Draw the elevation, and project points 1 and 7 of the section to 
X Y . Next obtain the height of the section. Draw 4 perpendicular 
to the section line, and with centre O describe a circle touching the 
section line. From a, the point where the circle cuts O d, project to 
the elevation for a\ Through a' draw a horizontal line representing 
the elevation of the circle, and project from 4 to meet this line at 4', 
giving the highest point of the section. To obtain other points in the 
curve, take 2 and 8, and describe circles through them from O. Project 
from h and c, where these circles cut O d, and draw the elevations .at 
b^ and c\ Projectors from 2, 8, 5, and 6 to meet these lines will give 
the required points of the curve. Sketch the curve, and complete. 

For the true shape, make the perpendicular 4 4^ equal to the height 
that 4' is above X Y, and the perpendiculars at 2, 3, 5, and 6 equal 
to the heights of the corresponding points above X Y. 

PEOBLEX 859.— The elevation of a cone out by a plane parallel to 
the axis is given. Draw the sectional plan. 

Obtain the plan of the cone by Problem 820. Project 1' and 4' for points 
1 1 and 4. For other points, take 2' and 8', and draw sections through them 
parallel to the base. On each of these lines describe semicircles giving half the 
tme shape of the sections at these points. Project from 2' and 8', and on each 
side of the centre line of the plan set off a distance equal to 2' 2' and 8' 8' for 
the points 2 2 and 8 8. Sketch in the curve through the points obtained. 

PROBLEM 860.— A cone lying on its side is cut by a plane parallel 
to the ground-line. Draw the plan. 

Draw the plan by Problem 821, and project for points 1 1 and 4. Assume 
other points in the section, as 2' and 8', and draw sections through them parallel 
to the base, as before. Draw half the true shape, and erect perpendiculars to 
the sections at 2' and 8". Project &om 2' and 8 , and set off distances equal to 
2' 2' and 8' 8', on each side of the centre line of the plan, for points 2 2 and 8 8. 
Draw the curve through the points thus found. 

PBOBLEM 861.— The plan of a cone, its axis being horizontal, is 
given. Draw a sectional elevation when out by a vertical plane, 1 6. 

Project the elevation. The section may be obtained either as in the previous 
problem, or by assuming the cone to be a pyramid, as in Problem 856, Pig. 1. 
If treated as a pyramid, join d, c, and/ with the vertex, c, and draw the elevations 
d' c\ f c', &c., of these lines. From the point 1 on a c project to a! c\ from 
^ondcio d' c', from 3 on c to e' c', from 4 on /c to /' c', and from 5 on 6 c 
to h' c\ Through these points draw the curve of the section. 
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i8o PLANE AND SOLID GEOMETRY 

EXEBCI8E8 

CHAPTER XVI 

Notes.—!. Any Figares relating to these Exercises will be fonnd on the opposite page. 
S. Ck)py the given Figures at least twice the giren size. 

1. The elevation of a right hexagonal prism is given. Determine its plan. 

2. Draw the side elevation and plan of a pentagonal prism, 8" long, of 
which the siven Figure is the end view. 

3. The lines ah^ac are the elevations of two circles. Obtain their plans. 

4. The elevation of a square pyramid cut by a plane a 6 is given. Draw 
its plan. 

5. The end elevation of an hexagonal prism, 1^" long, cut by a plane a &, is 
given. Draw the sectional plan. 

6. The plan of a sphere is given. Determine the sectional elevation made 
by a vertical plane passing through a 6. 

7. The elevation of a cylinder cut by a horizontal plane is given. Draw its 
plan. 

8. The lines ah, ac are the plans of two unequal equilateral triangles. 
Draw the elevation. 

9. The elevation of a square pyramid, lying on one of its triangular faces, 
with its axis parallel to the vertical plane, is given. Find the sectional plan 
made by a plane cutting the pyramid through a 6. 

10. The plan of a tetrahedron is given. Find an elevation on a 6. 

11. The elevation of a right square pyramid is given. Determine its 
sectional plan when cut by the plane a b. 

12. Draw the sectional elevation of the square prism when cut by a vertical 
plane, a b. 

13. The plan of a cube cut by a vertical plane is given. Find its elevation. 

14. The plan of a cone is given. Find the elevation of the section made 
by the vertical plane, a b. {Proh. 858.) 

15. The given Figure represents the plan of a pentagonal prism, 1" in height, 
surmounted by a cylinder 2" in height. Draw the cdevation when cut by a 
vertical plane through a b. 

16. A pyramid having for its base a square of 2*6" sides, and its axis 8*25" 
long, rests with one face on the horizontal plane. Draw its plan, and a sectional 
elevation on a vertical plane, represented by a line bisecting the plan of the axis 
and making 60° with it. {Sc, 1870.) {Prob. 808.) 

17. Draw the plan of the above pyramid when its base is inclined at 47° 
and one edge at 27°. (5c., 1870.) 

18. Draw the plan of a right pyramid whose base is a hexagon of 1*25'' side, 
and its axis 8*25", when it stands upright on a horizontal plane. Give the 
section made by a vertical plane which cuts off half one edge and a quarter of 
the next, measuring downwards from the vertex. {Sc^ 1871.) 

19. Draw the plan of a cube of 8" edge, in any position, as long as no edge 
is horizontal. {Sc, 1872.) {Prob. 299.) 

20. A pentagon, A B C D S, side 1'75", revolves upon the Hne joining A, 
with tho centre of the opposite side, till its plane becomes inclined to IJie vertical 
plane at 50°. Draw its plan. {Prob. 291.) 

21. The plan of an equilateral triangular prism is given. Draw its elevation 
onXY.- (5c., 1876.) 

22. Arectangle, length 2*5", breadth 1'75", is the plan of a square. Determine 
the inclination of the plane of the square. (Sc, 1877.) (Converse of Prob. 289, 
case 8.) 

23. The plans of two cubes are given, the smaller resting on the larger. 
Draw an elevation on x «/, and a section on a b. {Sc.y 1878.) 

24. A square prism, 8" long and 1*5" square, lies with one of its side edges 
horizontal, and one of its sides inclined at 80°. Make an elevation on a vertical 
plane which is at 50° to the axis. {Sc, 1882.) {Prob. 298.) 

25. The given rectangle represents the elevation of a square. Determine 
the inclination of its plane to the vertical plane. (Sc, 1884.) 
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CHAPTER XVII 
IHTBODVCnOV, PBOJECnOV OF POINTS AND LIKES 

It is advisable for the student to have made himself thoroughly 
fEuniliar with the preceding chapter on the Plans and Elevations of 
Solids in simple positions. The common terms used are explained 
at the commencement of that chapter. The explanation of fresh 
terms will be given in connection with the chapters or problems in 
which they occur. 

Solid or Descriptive Geometry deals with the representation of 
objects having three dimensions — lengthy breadth^ cmd thickness — 
upon a plane surface. 

A plane snrfiaoe is perfectly level, and is defined by Euclid as * a 
surface in which, any two points being taken, the straight line 
between them lies wholly in that surface.' Henrici calls it 'the 
path of a moving line.* 

These representations cure effected by means of lines drawn per- 
pendicularly from each point of the object to two given plane sur- 
faces, already known as the Vertical and Horizontal Planes. These 
planes are called, from their position^with regard to each other, the 
Co-ordinate Planes ; and, from the £a.ct that upon them the objects 
are drawn or projected, the Planes of Projection ; they are supposed 
to be of indefinite extent, and they intersect each other at right 
angles in the straight line known as the Ground Line or Intersecting 
Line, forming four angles, which are known as the 1st, 2nd, drd, 
and 4th Dihedral Angles (angles formed by two intersecting planes) 
(Fig. 1). 

The lines drawn from the object to the co-ordinate planes are 
termed Projectors, and the representations on those planes are Pro- 
jections. When the projectors are perpendicular to the planes of 
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projection, the projection is Orthographic. The projection on the 
horizontal plane is the Plan ; that on the vertical plane is the Eleya- 
tion. 

The foot of the perpendicular drawn from a given point to a 
plane is the Projection of that point. The line which passes through 
the projections of all the points of a given line on a plane is the 
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Projection of that line, and the plane which contains all the pro- 
jectors of the points in that line is called its Projecting Plane. 

For example, in Fig. 2, a and a' are the projections of the point A. 
In Fig. 3, a 6 and a' V are the projections of the line AB, because 
they pass through the projections a, c, d^ e, f, 6, and a\ c', d', e\ f, h\ 
of its several points on the co-ordinate planes ; and the planes 
A B a & and A B a' fe' are its projecting planes. 

The point where a line meets a plane is called the Trace of that 
line. "Where it meets the vertical plane is the Vertical Trace, as v t, 
Fig. 1 ; and where it meets the horizontal plane is the Horizontal 
Trace, h t, Fig. 1. In the same manner the lines where a plane 
intersects the co-ordinate planes are the Traces of that plane. In 
Fig. 4. a 6 and b c are the Vertical and Horizontal Traces respectively 
of the plane abed. 
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PBOJSCnOK OF POINTS 

Note. — The vertical plane is denoted by the letters V.P., the horizontal 
plane by H.P., and the line of intersection by X Y. 

It has already been pointed out that the co-ordinate planes intersect each 
other, forming four dihedral angles. These angles may be easily shown by 
shtting two pieces of cardboard as far as their centres, as shown by the lines 
A and B, Fig. 1, and then fitting them together in the form of a cross, as in 
Fig. 2. 

The angle in front of the V.P. and above the H.P. is known as the Ist 
dihedr^ angle; the angle hehind the V.P. and above the H.P. is the 
2nd dihedral angle; the angle behind the V.P. and below the H.P. is 
the Srd dihedral angle ; and the angle in front of the V.P. and below the 
H.P. is the 4th dihedral angle. 

To show the position of a point with respect to the co-ordinate 
planes, tskke a pencil, say 2'^ long, and assume A, one end of it, to 
represent the point. Place the pencil in the first dihedral angle 
perpendicular to the H.P. and V in front of the V.P. as A a, Fig. 3 ; 
then the foot of the pencil, a, will he the plan of A, and a\ the end 
of the projector drawn from A to the V.P., will he its elevation. If 
the pencil he now moved into the second dihedral angle and placed 
1^^' behind the V.P. as B &, then b and b^ will represent the plan 
and elevation of the point. Now place the pencil in the third 
dihedral angle ^ behind the V.P. as C c ; then c will be the plan, 
and c' the elevation. When placed in the fourth dihedral angle J'^ 
in front of the V.P., then d and d^ will show the plan and elevation 
respectively. 

As drawings are made on one flat surface we must imagine the 
vertical plane turned in the direction of the arrows until it coincides 
with the horizontal plane. The elevations a', 6', c', d% already 
marked, will then assimie the positions shown in Fig. 4, the plans 
a, 6, c, d remaining fixed. We thus find that a point in the first 
dihedral cmgle has its pla/n below and its elevation above X Y ; in 
the second^ its pla/n a/nd elevation are both above X Y ; in the 
third, the pla/n is above and the elevation below X Y ; in the 
fourtht both pUm a/nd elevation are below X Y. These positions 
must be thoroughly understood and carefully verified by the student 
before proceeding to the following problems. 

PROBLEM 1. — To determine the projections of the following points:— 
A, y in front of the V.P. and ly above the H.P.— B, J'' behind the 
V.P. and ly' above the H.P.— 0, 1^' behind the V.P. and 2'^ beltw 
the H.P.— D, If'' in front of the V.P. and 1'25'' below the H.P.— E, 

in the H.P. and '15'' in front of the V.P F, in the V.P. and 1" 

below the H.P. — 0, in both planes. 

The point A will have its plan l^'below, audits elevation 1^^'' above 
X Y. B is in the second dfiiedral angle ; its plan will be j'^ above 
X Y, and its elevation 1 J'^ above X Y. C is in the third angle, 
and its plan will be 1^^ above, and its elevation 2'' below X Y. 
D is in the fourth angle, and its plan will be 1 J''' below X Y, and 
its elevation 1-25'' below X Y. E will have its plan '16'' below, 
and its elevation on X Y. F will have its plan on,, and its elevation 
V below, X Y. G, being in both planes, will have both its plan 
and elevation on X Y, as that is the line common to both planes. 
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PBOBLEM 2.— ^yen the projeetloni of the points A, B, C, D, and 
E, to determine their position with respect to the Co-ordinate Planes. 

Note. — The figures on page 187 are drawn half size. 

This problem is the converse of Problem 1. 

By using the cardboard model the position of each point may 
be readily fixed. First fix the position of the point with reference 
to the V J*. If the plan is helow X Y, the point is in front of the 
Y.P., and if the plan is above X Y, the point is behind the Y.P. 

A is \\'' behind the V.P. and 1" below the H.P., and in the 
third dihedrid angle. B is J'^ in firont of the V.P. and IJ'' below 
the H.P., and in the fourth dihedral angle. G is in the Y.P. and 
2" above it, and is between the first and second dihedral angles. 
D is 2'^ behind the V.P. and Y^ above the H.P., and is in the second 
dihedral angle. E is 2'^ in front of the Y.P. and on the H.P., and 
is between the first and fourth dihedral angles. 

PBOBLEM 8. — Oiyen the prcjections of a point, to determine its 
actual distance from X Y. 

Let a and a' be the projections of the point, a' represents the 
actual height of the point above the H.P., so that if a line be drawn 
through a^ parallel to X Y the point must be in this line, a repre- 
sents the distance the point is in firont of the V.P. If the planes 
be viewed in profile a would be seen in position a^\ The perpen- 
dicular firom a^^ to meet the parallel fi:om a' will give A, the actual 
position of the point, and A O, the diagonal of the rectangle thus 
formed, will be the actual distance of the point fi:om X Y. 

PBOBLEM 4.— A point A is 1^'' in front of the V.P. and above the 
H.P., and its distance from XY is 2'^; determine its plan and 
elevation. 

This is the converse of Problem 8. 

Draw two lines to represent the profile view of the planes. 
Set off O a'' li'' fi:om the V.P., and through a'' draw a line parallel 
to the V.P. With centre O and radius 2" cut the vertical line 
drawn through a'^ in the point A above X Y. From A draw A a' 
parallel to X Y. Then a^ will be the elevation of the point. Turn 
a'' into the projector from a\ giving a the plan of the point. 

EXEBCISES 

1. Show the plans and elevations of the following points. 

A, 8" above the H.P. and IS" before the V.P. 

B, 2" above the H.P. and 85" behmd the V.P. 

C, 2-5" below the H.P. and 4" before the V.P. 

D, in the H.P. and 2-5" before the V.P. (Sc, 1871.) 

2. State the exact position with regard to the two planes of projection, of 
the points whose plans and elevations are given. Fig. 1. (Sc, 1872.) 

3. A point A has its plan 1^'' below X "Y and its elevation 1" above the 
H.P. What is its true distance from X Y ? 
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TBOJ^CnOV 07 LUTES 

A Kne, like a point, may be situated in any of the four dihedral 
angles, or it may be in two, or even three, of the angles by passing 
through the planes, as the line a d, Fig. 1 ; here the portion a 6 is 
in the first dihedral angle, & c is in the second, and c d ib in the 
third. The points b and c where the line passes through the 
planes are the traces of the line on those planes. The elementary 
geometry dealt with in this book will be chiefly confined to the 
representations of objects situated in front of the Y.P. and above 
the H.P., that is, in the first dihedral angle. 

Note. — The projections of lines in varions positions with respect to the 
co-ordinate planes have already been dealt with in Problems 286 and 287, 
Chapter XVI., and will therefore require no farther explanation. It will also 
be assTuned that the principle of CJMinging tlie Intersecting or Ground Line^ 
so that fresh views of the object may be obtained, has been thoroughly 
mastered. (See Chapter XVI., page 144.) 

FBOBLEM 5. — To determine the traces of a line, AB, the pro- 
jectionB being given. 

1. As has been already explained, the traces of a line are the 
points where it meets a plane. As both the plan and elevation of 
the line A B are inclined to the co-ordinate planes, it will have 
both a vertical and a horizontal trace. The horizontal trace will be 
in the H.P. ; to determine it, produce a^ 6' to meet X Y in fe. From 
^ draw a perpendicular to meet ah produced. HT will be the 
horizontal trace. 

To find the vertical trace, produce ab to meet XY in t;. 
From V draw a perpendicular to meet a' y produced. V T will 
be the vertical trace. 

Note. — To verify this solution, let the student take a piece of wire, A B, 
and place it between the cardboard co-ordinate planes as shown in Fig. 2. 
The points A and B would then be the traces of A B. From A and B Sr&w 
A a and B b perpendicular to the Intersecting Line, and join a B and b A. 
Then a B will be found to be the elevation of A B, that is, the space it covers 
on the V.P. when looked at horizontally forwards, and A b will be the plan of 
A B, or the space it covers on the H.P. when looked at vertically downwards. 

2. In this position there will be only a horizontal trace, as AB 
is parallel to the V.P. and cannot therefore meet it. Produce a' &' 
to meet X Y in fe, and from h draw a projector to meet a b pro- 
duced. H T will be the horizontal trace. 

8. In this case there can be no traces, as the line is parallel to 
both the co-ordinate planes. 

4. Here the line, although obhque, has only one trace, its projec- 
tions both passing through X Y. 

5. As the line is vertical, it has only a horizontal trace. 

6. The line being horizontal, it has only a vertical trace. 
From these cases we may deduce the following facts. 

(1.) "When a line ib pa/rallel to both of iihe planes of projection, 
it can have no traces. 

(2.) When parallel to either of the planes^ it has only on^ 
trace. 

(3.) When pa/rallel to neither of the planes, it may have one 
trace, as in Case 4, or two, as in Case 1. 
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PBOBLEM 6. — Given the traces of a line, to find its projections. 

Let V and H represent the vertical and horizontal traces. From 
V and H draw V v and H h perpendicular to X Y. Join V and ^, and 
H and v, giving the vertical and horizontal projections respectively. 

PBOBLEM 7. — The projections of a line, AB, being given, to 
determine its traces. (Two positions are shown.) 

Here the traces will not both fall in front of the vertical and 
above the horizontal plane. The same rule must be followed. For 
the horizontal trace, produce a^ b% the vertical projection, to meet 
X Y in ^, and from h draw a perpendicular to meet a b produced. 
HT is the required trace. For the vertical trace produce the 
horizontal projection to meet X Y in v, and from v draw a per- i 

pendicular to meet a^ y produced. V T will be the verticsil trace. ' 

Note. — ^To illustrate this, take a piece of wire and place it with its ex- i 

tremity A tamed from the vertical plane (Fig. 1). B will evidently be its trace 
on the H.P. It is also evident that its trace on the V P. cannot be found by pro- 
ducing it towards A. If the wire be forced through the card at B and puuied i 
forward until itineets the V.P. at C, then C will be its vertical trace. If the 
dotted construction lines be now drawn, the reasons for the above solution will 
be readily understood. Traces of lines falling within the other dihedral angles 
may be solved in a similar manner. ' 

PBOBLEM 8. — Given the projections a b, a' y of a line, to find its 
true length, and its inclinations to the planes of projection. , 

The inclination of a line to a plane is the angle between the 
line and its projection on that plane. I 

Notes. — 1. In Fig. 2 the angle A B a is the inclination of A B to the HJP., | 

because it is the angle between the line and its plan ; and the angle B A 6 is 
the inclination to the V.P. because it is the angle between the Une and its | 

elevation. These angles are usually indicated by the Greek letters and 4>. It 
will assist the memory to note theit 0, the inclination to the HP., has the 
horizontal stroke, and 4>, the inclination to the V.P., the vertical stroke. 

2. If we imagine the line A B (Prob. 8) in its actual position, over a &, and 
supported by vertical projectors equal in height to m a' and n b\ we shall have a 
trapezoid standing on a 6, and having two of its sides perpendicular to a 6. 
Suppose this trapezoid to be turned down into the H.P., we shall then have 
the figure A a & B, of which the side A B will represent the true length 
of a&. 

To find then the true length of the line, draw a A and 6 B at 
right angles to ab, and make them respectively equal to m a' and 
nb\ the heights which the points A and B are above the H.P. 
Join A B. Then A B will be the true length of the line. If the top 
edge of the trapezoid were produced to meet the H.P,, the angle 
made by this line and the base, a b, produced would evidently be 
the angle at which the line is inclined to the H.P. Produce then 
A B to meet a b produced. The angle thus obtained is the inclina- 
tion of AB to the H.P., and H, the point where AB meets the 
ground, must necessarily be the horizontal trace of A B. 

If a' A' and fe'B'be drawn at right angles to a'b% and made 
equsJ to n b and m a respectively, then A' B' will also represent the 
true length of AB, and if A'B' and a' 6' be produced to meet, the 
inclination of A B to the V.P. will be found, and V, the point 
where the two lines meet, will represent the vertical trace of A B. 

Kote. — If the angle of inclination found by producing a b and A B should 
fall beyond the paper, then a parallel to a 6 from B will give the angle 0. 
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PBOBLEM 9.— Another solution for Problem 8. 

Let ah and a'V be the given projections. When a line is 
parallel to either of the co-ordinate planes, its projection on that 
plane represents the true length of the line. If we then cause a 6 
to revolve on an axis at a until it is parallel to the V.P., as aB, 
then its elevation will be the true length of AB. Through a draw 
a B parallel to X Y, and turn a b into this line. Through b' draw 
a parallel to XY. Project B to this line, giving B^ Then a'B' 
will be the true length, and the angle 6 will be inclination of AB 
to the H.P. 

In the same way, if the elevation, a' h\ be revolved upon h until 
it is parallel to X Y, and A^ be projected to the parallel through a, 
then b A will also represent the true length of A B, and the angle 
(f> will be the inclination of A B to the V.P. 

Note.— The student should verify these results by taking the projections 
given in Problems 8 and 9 in exactly the same position, and of the same 
length. The true lengths in all four cases should then be found to corre- 
spond. 

PBOBLEM 10.— To And the InclinationB and true length of a line 
when the projections are at right angles to X Y. 

This depends on the same principle as the previous problem. 
Let the plan, a 6, be rotated into X Y. a' A' will show the distance 
a is from the V.P. A^ B' will be the true length, the angle 6 the in- 
clination to the H.P., and (f) the inclination to the V.P. 

The actual distance of A B from X Y will be shown by the 
perpendicular 6' </. 

FBOBLBM 11.— To find the trne length when the line passes 
through the plane. 

Let a b and a' 6' be the projections. The portions of the line 
not lying in the first dihedral angle are dotted. The only dif- 
ference is that the perpendiculars to a and b must be set out in 
opposite directions ; b B equal to b^ m, and a A equal to a' n. Then 
AB will represent the true length, and will pass through c, the 
horizontal trace of A B. 

FBOBLBM 12.— To mark off a given length on a line, the projec- 
tions of which are given. 

Find the true length of the line by Problem 8. On it set ofiF the 
required distance, say AC. Draw Cc parallel to B 6 and project. 
a^ c' is the elevation and a c the plan of the required length of line. 
Two cases are shown; the second is based upon Problem 10. 

FBOBLBM 13. — Oiven the plan and the true length of a line, to 
construct its elevation. 

Let abhe the plan, and a the point on the ground. At a draw 
a A perpendicular to a 6. With centre 6, and the true length of the 
line as radius, intersect the perpendicular in A. Project from a 
and 6. Make m b^ equal to a A. Then a' b^ will be the required 

elevation. . •• xi. i 

^Q^es, 1. Proceed in a similar way if the plan were required. 

2. If the plan of the line and its inclination to the H.P. were given, a 
similar construction would give the elevation. The only difference would be 
that the angle at b would be given instead of the length b A. 
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TBOiSLEK 14. — Oiyen the plan and eleyation of any plane figure, to 
determine its true fonn. 

Let ahe and a^h^ </he the projectionB of a triangle. 

Find the true lengths of each of the sides by Problem 8, as 
shown. 

With A C, A B, and B G as sides, construct the triangle ABC. 

Note. — If the projections of a quadrilateral figure or any polygon were 
given, it would be necessary to divide it into triangles, and then ascertain the 
dimensions of the lines. 

PXOBLEM 15. — Giyen the elevation of a line and its inclinatioii to 
tl&e H.P., to determine its plan. 

1. Let a^ V be the elevation, and 40° its inclination to the H.P. 
Assume this line to lie on the surface of a cone, and to have its 

extremity a' at the apex, and its other extremity V in the circnm- 
ference of the base. Let the slope of the cone be 40°, the required 
inclination of the line to the H.P. Draw a a\ and from a^ draw 
a^B to meet X Y at an angle of 40° (make the angle at a' 50°); 
this will represent a side of the cone. If a circle be described from 
centre a with radius a B, it will represent the base of the cone, and 
any line drawn from a to the circumference will be the plan of a 
line inclined at 40° to the H.P. From h' draw h'h. Then ah 
will be the required plan. 

2. When the line passes through X Y proceed as shown in the 
second figure. Through a' draw a^ A/ parallel to X Y, and 'draw 
the projector from a\ At 6' draw a line making 40° with X Y to 
meet the parallel from a' in A^ Draw A^ A, and, with centre h' 
and radius &^ A, describe an arc cutting the projector from a^ in a. 
Join ah\ 

Note. — In this ease consider the cone mentioned in Case 1 to be inverted 
and to have its apex on X Y. 

PBOBLEM 16. — Given the plan of a line and its inclination to the 
V.P., to find its elevation. 

1. Let a h be the plan, and the inclination to the V.P. 36°. 
This is a similar process to that used in the previous problem. 
Draw h b\ and at h draw & A to meet X Y at an angle of 85^ 

With centre b^ and radius h' A describe an arc. Draw a a' to meet 
this arc. Join a' h\ 

2. When the trace of the line is in X Y. Draw h B parallel to 
X Y. At a make an angle of 85°, and produce the Hne to cut 6 B in B. 

At B draw B B^. With centre a and radius a B^ describe an 
arc to meet the projector from h in h\ Join a b\ 

PBOBLEM 17.— A is a point in the V.P. 1^'' above the H.P. ; B u 
a point in the H.P. If^^ from the V.P. The real distance from A to B 
is Z^\ Draw the plan and elevation of the line, joining A and B. 
{8c., 1887.) 

Draw X Y, and mark the elevation, a% of the given point IJ'' 
above it. Get the plan of a\ Draw a Hne If'' below X Y and 
parallel to it; the plan of B must he in this line. Draw a'B, 3" 
long. With centre a and radius aB describe an arc to cut the 
parallel Hne in 6. Then b will be the plan of B v^en If'' in front 
of the V.P. Join a b. Project b to b\ Join a' b\ Then a 6 and 
a' 6' will be the required plan and elevation. 
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PXOBLEM 18. — Oiyen the InelinatlonB of a line (of any giyen length) 
to both of the eo-ordinate planee, to determine its prelections. 

Let the line be inclined to the H.P. at 40^ and to the Y.?. 
at 85^ 

1. At the point 6 in X T draw a line inclined to the H.F. at 4(f , 
and make 6 a' equal to the given length. Draw a' a. At a- make 
tibe angle B a^ e^ual to the inclination to the V.P., 85^. From B 
draw BC perpendicular to a^G. With centre a' and radius a'C 
describe an arc cutting X Y in 6^ 

Join a' h\ This will be the elevation of the required line. To 
obtain its plan, describe an arc from centre a with radius aB. 
Project from V to &. Join ah for the plan. 

ITote. — This is a more difficult problem to follow. It will assist the 
student if he cuts out in paper the trapesium a B C a' (Fig. 1), maViTig a' B 
equal to the given line, the an^e a! B a -40°, and B a' C -85°. Now fold 
the paper along the line a! B. Place it on the cardboard planes so that it 
rests on the sides a B and B O. The reason for the construction will then 
be seen. 

2. Whjentl^Un6j^Be^thr(mgh^'Y\ Atany point, a, drawaB 
equal to the given Une and inclined to the H.P. at 40°. Through B 
draw a line B V parallel to X Y. Make the angle B a C equal to 85°, 
the inclination of the line to the V.P., and from B draw B C perpen- 
dicular to a C. With centre a and radius a C, describe an arc cutting 
the parallel through B in h\ Join a 6' for the elevation of the line. 
To (H>tain the plan, draw B d perpendicular to X Y. With centre a 
and radius a A describe an sore. Project from V to meet this arc 
at &. Join a b for the plan. 

ITotes. — 1. The line in this case is in a similar position to the Une in 
Prob. 16, Case 2. 

2. The sum of the inclinations to the vertical and horizontal planes can 
never exceed 90^ When they equal 90° then the plan and elevation are in 
one straight line. 

PBOBLEX 19. — 0iyen the projections of two interseeting straight 
lines, to determine the angle between them, and obtain another eleva- 
tion on a gronnd line inclined at 75^ to the V.F. 

Let a' 6', 6'c' and ab, be be the given projections. Produce 
h' c' to X Y, and obtain the horizontal trace, d, of the line B G. Join 
a d. The problem now resolves itself into Problem 14. Find the 
true lengths of a 6 and b d, and construct the triangle a <} B. The 
angle at B will be the required angle. 

To find a fresh elevation^ proceed as has been already explained 
in Chapter XVI. Draw x y, making 76® with X Y. Imagine the 
figure to be turned so that xy i^ horizontal. Project from a, 5, 
and c. The point, a, is on the H.P. ; therefore its elevation will be a^\ 
Make b'^ and c^^ the same distance above xy that h' and c' are 
above X Y. Draw a'' 6" and V' c'\ 

PBOBLEX 20. — ^Throngh a given point to draw the projeetions of a 
line parallel to a given line. 

If the projections of lines are parallel to one another the lines 
themselves will be parallel. 

Through ^ and ^', the projections of the given point, draw c' d' 
parallel to a' b' and c d parallel to a b. 
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PROBLEM 21. — Oiyen the plans of two Interflecting lines, the 
elevation of one, and a point in the elevation of the second, to determine 
the elevation of the second line. 

Let a h and cd he the plans, a^ ^ the elevation of a b, and d' a 
point in the elevation of o d. The point, /, is common to both lines, 
oecanse they intersect. Project / to f. Then Z' is a point ia</d/ 
as well as in a' b\ Through/' draw d^ f to meet the projector 
from c. Then (/ d^ is the elevation of c d, 

Note. — ^The condition, therefore, for two lines to intersect is not only that 
their plans and intersections respectively intersect, bat also that the point of 
intersection of the elevations and plans mnst be in the same projector. 



EXEECISES 

Note. — The fignres relating to these exercises should be drawn larger. 

1. What is the difference between the trace of a line, the projection of a 
line, and the projectors of a line ? {Be, 1881.) 

2. When will a line have : — 1, No traces. 2, A horizontal trace only. 8, A 
vertical trace only. 4, Both a horizontal and vertical trace ? 

8. What is the true length of a line if its plim measures 2*5" and it is 
mdined at 26°. {So., 1881.) {Proh. 286, Chap. XVI.) 

4. The plan of a line 8" long is 1*6" in length : at what angle is the line 
inclined? (Sc, 1876.) 

6. Represent correctly by their projections on a horizontal and vertical 
plane: — a, A line parallel to both planes of projection. 6, A line passing 
through a point in the ground line, o, A point equidistant from both planes of 
projection. (2, A line equally inclined to both planes of projection. 

6. Assume the projections of any line parallel to neither plane of projec- 
tion. Determine the traces of the Ime and the real distance apart of those 
traces, (fife, 1877.) 

7. Show the real distance between the points whose projections are given 
on Fig. 1. (Sc, 1876.) 

8. Obtain the projections of two points F and Q on the given line a 6, 
a* b\ Fig. 2 ; such that P is 1-4" from the V.P. and Q 2" from the H.P. De- 
termine and write down the real length of the line F Q. {Sc, 1886.) 

9. Determine the vertical trace of the line A B, Fig. 2, and its inclination 
totheH.P. (Sc, 1882.) 

10. From the line A B, Fi^. 2, of which the projections are given, cutoff a 
portion, A C, which shall be 2 long, and show the plan of C. (Sc, 1881.) 

11. The plan of a triangle, a 6 c, is given, the height of a is 1", of & 2' , of c 
8^. Draw we elevation, and^determine the true form of the triangle. {Sc, 
1878.) 

12. b is the plan of a point which is 2|" from the given pointy a a', Fig. 8. 
Determine its elevation b. {Sc.f 1882.) 

Note.— Join a &, and obtain elevation of b by Problem 13. 

13. Show by their projections :—», A line parallel to the VP. and inclined 
at 48° to the H.F. b, A line inclined 85° to the y.P., and the plan of which 
makes 60° with the ground line. {Sc, 1885.) {Frob. 15.) 

14. A point 1*6" from both planes of projection is distant 8*25" from another 
point 2*25 from both planes of projection. Obtain the projectiQnB of the two 
points. (Sc, 1888.) (Apply principles of Prob. 15, Case 2.) 

16. A point M is 1" above the H JP. and '75" in front of the V.P. A point 
N is at double these distances, and is 2" from M. Show their plans and 
elevations. (Sc, 1882.) {Prob. 17.) 

16. Show by their traces :— a, A line inclined at 87° to the V.P. and 53° to 
the H.P. &, A line inclined at 88° to both planes of projection. {So., 1884.) 
{Prob. 18.) 
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17. What is' the real angle contained by the lines whose projections are 
given, Fig. 4 ? 

18. Construct a triangle, oah{pa= 2^", o & « 8|", ah = 4^'^) ; a and h are the 
horizontal traces of the fines oa^ob, meeting at a point of which o is the plan. 
The height of o above the horizontal plane is 1^". Obtain the real angle con- 
tained by the lines. (<Sc., 1879.) (Pro6. 19.) 

19. Show by their projections any two equal parallel lines not parallel to 
either plane of projection. {Sc, 1887.) 

20. State exactly what is meant by Figures 5 and 6. (/Sfc, 1887.) 
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CHAPTEB XVIII 
OK FLAXSfl 

The two co-ordinate planes which have been dealt with previously 
are conceived to be always in a fixed position. Other planes in 
different positions may also be imagined, crossing and intersecting 
the co-ordinate planes in lines which are called traces. (Fig. 4, 
p. 188.) These secondary planes, of which there may be an 
infinite nnmber, must intersect one or both of the co-ordinate 
planes ; and, having no limit, they cannot be represented, as objects 
can, by their projections ; but can only be indicated by their traces. 
The traces of planes are always straight lines (Euc. xi. 3), and they 
intersect on the ground line or are parallel to it. 

PBOBLEX 22. — Bepresent by their traces planes in the following 
pofitioni: — 1. Horiiontal. 2. Vortieal and parallel to the V.P. 8. 
At right angles to both planes. 4. At right angles to the H.F. and 
inclined at 45° to the V.F. 5. At right angles to the V.F. and in- 
clined at 45° to the H.P. 6. Inclined at 46° to both planes and 
parallel to the ground line. 7. Oblique to both planes. 

These positions are shown first pictorially to assist the student, 
who should illustrate them for himself with the help of the card- 
board planes. For positions 1-6 a rectangular piece of card should 
be placed as shown, and the lines h t and v t, where the card, if 
produced, would penetrate the co-ordinate planes, should be marked 
with a pencil. For la and lb cut out two triangles, one having 
a^ute angles and the other an obttt,se angle, and fit them into the 
angle between the co-ordinate planes, marking where they touch 
those planes as before. If the vertical cardboard plane be now 
turned down, the traces will be shown on it as represented under 
the picture. 

Notes. — 1. The planes and their traces must not be supposed to terminate 
as is here shown, but to be without limit. 

2. In numbers 1, 2, and 6, the traces are parallel to X T, in all the other 
pases they intersect on X Y". 

8. Planes 1 and 2, being parallel to one of the co-ordinate planes, have only 
one trace. 

4. In 4, ^ ^ shows the inclination of the plane to the y.P., and in 6, v ^ 
shows the inclination of the plane to the H.P. 

5. The plane in 6, being equally inclined to both of the co-ordinate planes, 
has its traces equidistant from XT. 

6. In 7a and 7b the traces do not represent the inclination of the planes 
to either of the co-ordinate planes. 

7. The sum of the inclinations which a plane makes with the co-ordinate 
planes cannot be less than 90° nor more than 180°. 
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When a plane is in a position similar to the planes represented 
by Figures 6, 7a, and 76 of the previous problem, that is, i/nclined 
to both of the co-orcUnate planes, it is termed an Oblique Plane, 
and its traces do not show the angle at which it is inclined to either 
of the co-ordinate planes. 

To determine this angle a special construction is necessary ; but 
before doing this the student must clearly comprehend what is meant 
by the incUnationa of am, ohUque phme. In Fig. 1, let v ^ fe be an 
oblique plane intersecting the co-ordinate planes in t; ^ and h t. Take 
any point, ayinht, and draw a c in the horizontal plane perpendicular 
to ^ ^ ; from the same point draw a & in the oblique plane also per- 
pendicular to ^ ^ ; then the angle cab ia the inclination of the plane 
vth to the horizontal plane. If this angle be supposed to reyolve 
into the vertical plane, as shown by the angle ba'c, then B will 
be the true size of the angle. 

If a point be taken in the vertical trace, and two perpendiculars 
to that trace be drawn, one in each plane, the inclination to the 
vertical plane will be determined. 

PEOBLEM 23. — Given thd traces of an oblique plane, to determine 
its inclinationB. 

Case 1. — Take a point, a, in X T. Draw a h perpendicular to the 
horizontal trace, and a a! perpendicular to X T. Make a c equal to 
ah. Join a^ c. Then the angle aca' is the inclination of the 
plane to the H.F. It will be seen that a a' is the axis of a cone and 
6 c part of its base. The inclination to the V.P. is found in a 
similar manner. Take a point, e\ in X Y, and draw e'f perpen- 
dicular to the vertical trace, and e' e perpendicular to X Y. Make 
e^ g equal to e'f Join eg. Then the angle eg ef is the inclina- 
tion of the plane to the vertical plane. 

Case 2. — This is really an advanced problem, but is given here 
for the sake of completeness. The traces of the plane form an 
obtuse angle, and require producing to obtain the points a' and e. 
The portions dotted fall without the first dihedral angle. The 
lettering is the same as for Case 1, so that the same explanation 
applies. 

Case 3. — ^When the traces are both parallel to X Y. 

The same construction applies as in Case 1. The angle 6 is 
the inclination to the H.P., and </> is the inclination to the V.P. 
The triangle aca^ represents a profile view of the planes when cut 
by a section at right angles to their intersections. 
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TBjOBLEM. 24. — OWen one trace of a plane, and the inclination of 
the plane to either of the co-ordinate planes, to determine the other 
trace. 

Case 1. — Given the horizontal trace (h Q, a/nd the inclination to 
the HJP, 60°. From any point, a, in X Y draw a b perpendicular to 
h t and a a' perpendicular to X Y. With centre a and radius a b 
describe the arc h h\ part of the base of the cone to which the plane 
is tangential. At b' draw b^ a\ making the given inclination (50^ 
with X Y. Through a' draw v t, the required trace. 

Case 2. — Qi/oen the vertical trace (v Q, <md the mcUnation to the 
HJ>. 6(f . 

Take any point, a^ invt^ and draw a^ a perpendicular to X Y. 
At a' draw a' b^ to meet X Y at an angle of 60**. With centre a and 
radius a b' describe the arc V b. Draw h t tangential to this arc. 

Case 3. — Given the vertical trace {v Q, cmd the inclmaiion to the 
V,P. 5(f. 

This is exactly similar in construction to Case 1, and is the same 
figure inverted, the base of the cone being in the V.P. instead of 
in the H.P. Take any point, a', in X Y and draw a^ 6' perpendicular 
tovt. Bevolve a' b' into X Y. Draw 6 a, making 60° with X Y. 
Through a draw h t, the required trace. 

Case 4. — Given the horizontal trace Qi t), wnd the inclination to 
the VJ". 60^ 

From any point, a, in ^ < draw a a' perpendicular to X Y. From 
a draw a 6 to meet X Y at an angle of 60°. Describe the arc, b b\ 
and draw the vertical trace tangential to it. 

PEOBLEM 25. — Given the traces of a plane, to determine the real 
angle contained by them. 

What is required is the true size of the angle vth when the co-ordinate 
planes are in their proper position ; if in Fig. 1. Prob. 28 the triangle hat were 
to be ' c(ymtrucieA ' into the H.P., that is, supposed to be laid flat upon it, 
then the angle & ^ a as then represented on uie HP. would be the angle 
required. 

Let V t and /t ^ be the traces. From any point, 6, in the horizontal 
trace draw a perpendicular, b a, and from a draw a a^ to meet the 
vertical trace. Now * construct ' the triangle bta' into the H.P. by 
describing an arc, with t as centre and ^ a^ as radius, to cut a 6 pro- 
duced in A. Join t A. Then & ^ A will be the real angle between 
the traces. 

PBOBLEM 26.— Given the real angle (say 45°) between the traces 
of a plane, and one trace, to find the other trace. 

Case 1. — When the horizontal trace (ht) is given. At ^ draw 
t A, making 46® with h t From any point,. A, in < A draw A b per- 
pendicular to h tf and produce it to meet X Y in a. Draw a a^ 
perpendicular to X Y. With centre t and radius t A, describe an 
arc cutting the perpendicular from a in a\ Then v t will be the 
required trace. 

Case 2. — When the vertical trace is given. Construct the angle 
v ^ A of 46°. The some construction applies as in Case 1. The re- 
quired trace will be h t. The reason for the construction will be 
demonstrated by assuming the traces, and working out the process 
for finding the real angle as in Problem 26. 
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PEOBLEM 27. — OiTen the angles of inclination te the co-ordinate 
planes, to determine the traces of an oblique plane. 

This is the converse of Problem 28. 

The sum of the angles of inclination must be more than 90°, 
and less than 180°. Let the inclination to the H.P. be 48^ and to 
the V.P. 60®. The principle upon which this problem is solved is 
that the plane must touch two cones whose base angles are 48° 
and 60° respectively, and which are arranged so that the axis of 
one is in the H.P. and that of the other in the V.P. ; the axes should 
meet in X Y, and the cones should be placed so that they envelop 
a common sphere, which has its centre in X Y, where the axes of 
the cones meet. 

In X Y take any point, a, and, with any radius, describe a circle. 

This circle will be both the plan and elevation of the sphere 
mentioned above. Through a draw a perpendicular, a' d, of indefinite 
length. Draw h a^ tangential to the circle, and making 48° with 
X Y. (Draw any line, A B, at 48°, and draw a^ b parallel to it.) 
Then a^ b will be the slant side of a cone enveloping the sphere. 
With centre a and radius a b describe the base of the cone. Draw 
d c tangential to the circle, and meeting X Y at 60°. With centre 
a and radius a c, describe the base of the second cone. Through d 
draw h t tangential to the base, b 6, of the vertical cone. Join t 
and a\ Then h t and v t are the required traces. The vertical 
trace, v t, will touch the base of the cone having the horizontal 
axis in/. 



PEOBLEM 28. — To determine the distance between two parallel 
planes given by their traces. 

Note. — All parallel planes have parallel traces. 

Let vth and v' V W be the two parallel planes. 

Take any point, a, in X Y, and draw a B perpendicular to the 
horizontal traces, and a a'' perpendicular to X Y. With centre a 
and radii a b and a B describe the arcs b V and B B^. Join b' a' 
and B^ a^\ The distance c d between these two lines is the required 
distance. 

Note. — The vertical plane, of which a B is the horizontal trace, has been 
revolved on its vertical trace, a a", into the V.P. 



PEOBLEM 29. — To determine the traces of a plane parallel to a 
given plane, and at a given distance from it. 

This is the converse of the previous problem. Let the given 
plane hevth^ and the given distance be equal to c d. Take any 
point, a, in X Y, and draw ab perpendicular to ^^, and a a' per- 
pendicular to X Y. Revolve a b into the V.P., and join J' a'- 
Draw a" B' parallel to a' 6', and at a distance from it, equal iocd. 
With centre a and radius a B' describe an arc, B' B. Draw t>' If 
through a''' parallel to v t, and draw h^ t' parallel to h t. 
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FBOBLEK 30. — ^To detemufle the intersection of two given plaaei. 
* When two planes meet, their intersection is a straight liae.' 
<Euc. XI. 8.) 

Case 1. — When the vertical cmd horizontal traces meet one 
another respectively. 

Three positions are given. Let the vertical traces, vt and 
v' t\ intersect in the point a\ and the horizontal traces, h t and W V^ 
intersect in the point h. The line joining a^ and h would he the line 
in which the planes intersect, and the problem is simply to obtain 
the plan and elevation of this line. Project a^ and 6 to X T, giving a, 
and 6^ Join a^ b' and a b for the plan and elevation of the inter- 
section required. 

Case 2,^ When either the horizontal or vertical trapses a/re 
paralleL 

Four positions are shown. In the first position the planes meet 
like a roof, the plan of their intersection is parallel to the horizontal 
traces, and the elevation will be the point a\ 

The second position has the vertical traces parallel, and is similar 
in its construction to the planes in the first position. In the third 
case the horizontal traces are parallel, and the elevation of the 
intersection will be a horizontal line passing through a' parallel to 
X Y, while the plan of the intersection will be a line drawn from 
a parallel to the horizontal traces. The fourth position shows the 
intersection when the vertical traces are parallel. 

Case 3. — When both tra^cea are parallel to X Y. 

As the traces are parallel to X Y, the intersection will also be 
parallel to X Y. To determine the intersection in this case, assume 
a third plane cutting through both planes at right angles to the co- 
ordinate planes, and obtain a profile view. Let c 6 be the section 
plane. Obtain the end view, c dj of the first plane, vt, ht; and in 
the same manner obtain a 6, the end view of the second plane, v' t% 
W t\ The point e', where a b and c d intersect, wiU be a point in 
the elevation of the section. Through e' draw the elevation. For 
the plan of the intersection, project c' to X Y and revolve it back to 
the section plane at 6. Through e draw the required line. 

Case 4. — When all the tracee meet at a point in X Y. 

]Let V t,htf and v' t and h^ t be the traces of the two planes. 

The solution is similar to that in Case 3. Assume a third plane, 
V T, H T, cutting the other two planes, and perpendicular to the 
H.P. Find the intersection of this plane with each of the given 
planes as in Case 1. The elevation of the intersection will be 
drawn as shown through c\ Obtain c, the plan of c\ and draw the I 
plan of the intersection. ' 

When the two planes pass through X Y and contain it, the plan 
and elevation of the intersection will, of course, be X Y. 
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PEOBLEK 80, — (Continued.) 

Cafle 6. — When the traces do not meet within the H/rmts of the 
pa^er. 

Let us suppose the horizontal traces not to meet. Project a' to 
X Y for the point a. Pass a horizontal plane, A B, through the 
two planes. Project 6' and c', for b and c. Now if the elevation of 
a line contained by a plane be parallel to the ground line, then the 
plan of that line will be parallel to the horizontal trace of the plane. 
The plan of the horizontal line through ¥ will be parallel to ^ ^, 
and the plan of that through c' will be parallel to h^ V. The point 
d, where b d and c d meet, will be a point in the plan of the inter- 
section. Draw ad. 

Project d to d\ Then a' d^ will be the elevation of the inter- 
section. 

When neither traces meet, proceed as shown in the second 
figure. Two horizontal planes, AB and FG, must be passed 
through the two given planes in order that two points may be 
obtained, through which the plan and elevation of the intersection 
must be drawn. The solution may be readily followed from the 
figure. 

PEOBLEK 31. — To determine the real angle between two planes 
given by their traces. 

The real angle between them will be the angle formed by the 
lines of intersection which a plane would make by cutting both the 
given planes at right angles. 

Case 1. — Find the plan, a 6, of the intersection of the two given 
planes. DrAwfg at right angles to ab. Find the true length of 
the line AB by revolving its plan, a 6, into X Y and joining 6' a'. 
Turn a e into X Y, and draw e^ W perpendicular to a^ b\ This will 
be the altitude of the triangle made by cutting both the given 
planes perpendicularly. From e set o^ eh equal to e' h\ Join 
fh and g h. Then fhg wiU be the real angle between the planes. 

Case 2. — This shows the construction when one of the planes is 
parallel to X Y. The lettering and description are the same as in 
Case 1. '. 

PEOBLEM 32. — ^To determine the traces of a plane which makes a 
given angle with a given plane. 

This is the converse of the previous problem. Let A be the 
given angle and v t and h t the traces of the given plane. 

Assume the intersection of the planes, and let a & be the plan of 
that intersection. Draw aa^ perpendicular to XY. Draw feg 
(the horizontal trace of the plane, which would cut both planes at 
right angles) perpendicular to ab. Find the true length of the 
intersection by revolving a b into the V.P. Make a e' equal to ae. 
Draw e^ W perpendicular to a' b\ Set oSeh equal to e' h\ and join 
f and h. At h make the angle fhg equal to the given angle A. 
From 6, through g, draw the horizontal trace of the required plane. 
For the vertical trace, draw from T through a\ 
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CHAPTER XIX 

OK PLAHE8 AITB LIHES 

It has already been stated in Problem 30 that if the elevation of 
a line contained bjr a plane be parallel to the ground line, then the 
plan of that line will be parallel to the horizontal trace of the plane. 
In a similar manner, if the plan of a line contained by a plane be 
parallel to the Y«P., then its elevation will be parallel to the vertical 
trace of a plane. 

In Fig. 1, of b\ the elevation of a line contained by the plane 
t;^^, is parallel to X Y. Find a, tiie plan of a^ and draw ah 
parallel to h t. Then a & is the plan of the line. 

In Fig. 2 the plan, cd, is parallel to the Y.P. Obtain c', the 
elevation of the point c, and draw the elevation, c^ d\ of the line 
parallel to the vertical trace. 

Note.-»The stadent may easily see this by taking a book and drawing a 
line on its cover parallel to me back. If the cover be now opened at any angle 
while the book lies on the table, the line on the cover will remain horizontal 
and its plan will be parallel to the back of the book, which represents the 
horizontal trace of the plane represented by the opened cover. 

PEOBLEM 33. — Oiven one projection of a point contained by a 
given plane, to find the other projection. 

Let vtihthe the traces of the given plane, and a the plan of a 
point. A, contained by the plane. 

Four examples are shown. In the first casCy the plane being per- 
pendicular to the V.P., the elevation, a', must lie in the vertical 
trace. In the second cmd thi/rd cases draw a line, a 6, through the 
point parallel to the horizontal trace. Now this Ime, being parallel 
to the horizontal trace, will have its elevation parallel to XY. 
Obtain 6', the elevation of h. A line parallel to X Y, through 6', 
must contain the point A. Draw 6' a' and project a to it. 

In the fourth case, the plane being parallel to X Y, a construc- 
tion similar to that employed in Problems 10, 23, &c., must be used. 
Pass a vertical plane through the point A, and proceed as shovm in 
the figure. The triangle 6' c' b represents a profile view of the planes. 

If the elevation of the point A were given, the plan would 
be found in a similar manner by considering the given figures 
inverted. 

Another method of sohing the fov/rth case is to imagine an 
inclined line to pass through the point A and lie in the given 
plane. Draw any oblique line, h c, through a. Obtain V c% the 
elevation of this line. Now as & c contains a, the elevation, b' c\ 
must contain a\ Project as shown. 
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FBOBLEK 34. — Given one projection of a line contained by a plane, 
to determine its other projection. 

Let the plan, a 6, of the line be given. The extremities of the 
given line are points. Project each point, as in the previous problem, 
and join the projections. One case is shown ; the others should be 
worked out as exercises by the student. 



PROBLEM 85. — ^To determine a plane wMch shall be parallel to a 
given plane and shall contain a given point. 

Let V t and ht he the traces of the given plane, and a, a^ the 
projections of the given point A. Through a draw a h parallel to ^ ^. 
As a & is parallel to the horizontal trace its elevation will be parallel 
to X Y; then draw a' 6' parallel to X Y and project from h to meet 
it. This point h' must be in the vertical trace of the plane. Through 
6' draw v' If parallel to v t, and through V draw h' t' parallel to h t 
Then v' t^ W will be the required plane. 



PROBLEM 36. — To draw the traces of a plane which shall contain 
three given points. 

Let a, 5, c, and a\ h\ & be the projections of the points. Join 
the points, thus obtaining the projections a' 6', 6' c\ and aft, 6c of 
two intersecting lines. If a line be contained by a plane, its traces 
must be in the traces of that plane. Produce a h and a^ y both 
ways, and find the horizontal and vertical traces, h t and v ty of the 
line A B by Problem 5. These will be points in the horizontal and 
vertical traces of the plane. Find the horizontal and vertical traces, 
H T and V T, of the line B G in the same manner. These will 
also be points in the traces of the required plane. Through V T, 
V t draw the vertical trace, and through H T, ^ < draw the horizontal 
trace of the plane. 

PROBLEM 37. — To draw the traces of a plane which shall contain 
two intersecting lines. 

In the previous figure ah, he and a' 6', 6'c' will represent the 
projections of the two intersecting lines. The construction will be 
the same. 

The second figunre shows the solution when the traces of the lines 
do not all fell above the H.P. and in front of the V.P. 

The same description will apply. 

Note. — This problem offers another solution to Problem 84, when the pro- 
-ection, ab^ being produced, meets XT and the horizontal trace. 
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FBOBLEX 88. — ^To determine the traces of a plane which shall con- 
tain two parallel linei. 

Let a bf a' h' and c d, c' df be the projections of the two lines. 

Case 1. Let a b and cd he parallel to X Y. Apply Problem 5 
and find the horizontal traces H T, ^ ^ of each line. Through these 
two points draw the horizontal trace of the pltuie. The vertical 
trace will be parallel to the elevations of the lines. (See page 212.) 

Case 2. When both the plans and the elevations of the planes 
are parallel to X Y we most apply the converse of the solution to 
Problem 88, case 4. Intersect the projections by a vertical plane. 
Suppose it to revolve and turn e and / into X Y.' Obtain the actual 
positions, E and F, of these points with regard to the vertical plane 
of projection. Join E and F, and produce the line to meet the 
vertical plane in VT, and XY in H. Bevolve the plane back, 
when H will come to H T. Through V T and H T draw the traces 
of the plane, 

PSOBLEX 89. — ^To determine the intersection of a giren line and 
a plane. 

Let vthhe the given plane and a &, a' b' the projections of the 
given line. 

Case 1. When the given line is parallel to one of the co-ordinate 
pla/nea. Assume a vertical plane which shall contain the given line 
and find its intersection with the given plane. Produce a 6 to cut 
^ ^ in c. Obtain c\ the elevation of c. Draw c' d\ the elevation of 
the intersection of the two planes. The point e^*^ where c' d' cuts 
a' &^is the elevation, and e is the plan of the point where the given 
line intersects the given plane. 

Case 2. When the given Une is inclined to both of the co-ordinate 
•pUmea, Produce a 6 to cut X Y and h t Obtain c' and d' ; c' d\ as 
before, will be the elevation of the intersection of the vertical 
auxiliary plane with the given plane, and e^ and e will be the 
elevation and plan of the intersection. 

Case 8. When the traces of the given plane are parallel to X Y. 
This ma^ be easily followed from the figure. The lettering is the 
same as in Case 2. 



PBOBLEM 40. — From a given point to draw a line perpendicular 
to a given plane. 

The projections of a line which is perpendicular to a plane are 
perpendicular to the traces of that plane. Let vth be tiie given 
plane, and a, a' the projections of the given point. From a and a' 
draw perpendiculars to v^ and ht. Assume a vertical plane to 
contain these perpendiculars, as in Problem 89, and find the inter- 
section of this plane with the given plane. E will be the point 
where the perpendicular penetrates the plane, and a'e' and ae will 
be the projections of the perpendicular to the given plane. 
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PROBLEM 41. — From a giyen point in a giyen plane to erect a per- 
pendicular of a giyen length. 

Let a and a' be the projections of the given point, and t; ^% the 
given plane. From a and a' draw lines of indefinite length at right 
angles to % ^ and v t. Take the projections b, ¥ of any point in the 
lines. Find the true length of the line A B by ' oonstmcting * it 
into the H.P. (Problem 8.) From A set off A G eqnal to the 
required length. Obtain c and c\ Then a o and a' c' will be the 
projections of the required perpendicular. 

Note. — If only one projection of the point were giveni as a', then the plan 
a must first be obtained by Problem 88. 

PBOBLEM 42.— To draw the traces of a plane which ihall contain 
a given point and be perpendicular to a given line. 

Let A B be the given line and C the given point in it. The 
traces of the plane must be perpendicular to the projections of the 
line. Through o draw c d perpendicular to a 6. From d draw d d' 
perpendicular to XY, to meet a line parallel to XY from &. 
Through d' draw vi^i right angles to a' h\ and from t draw h t 
parallel toed. Then v t and h t wiU be the traces of the required 
plane. 

Note.— Two positions of the line are given. The desoription applies to 
both. 

PBOBLEM 48. — To determine the angle which a given line makes 
with a given plane. 

Let vthhQ the given plane, and a 6, a' b^ the projections of the 
given line. From any point (a, aO ^ the line draw a perpendicular 
to the given plane. (Problem 40.) Its projections will be a c, a'c'. 
Find the intersection d^ d' of the given line AB with the given 
plane 'ot'k, (Problem 39.) If and D, the points of intersection 
respectively of the perpendicular A C and the given line AB with 
the given plane, be now joined, a triangle will be formed and the 
true size of the angle ADC represented by its projections adc, 
a' d^ (/ will be the required angle. To find the size of the angle 
determine the true lengths of the sides, and construct the triangle 
by Problem 14, or proceed as shown in the following problem. 

PBOBLEM 44. — To determine the angle between two straight lines. 
(Another method for solving Problem 19.) 

Let abf ac and a' b\ a^ c^ be the projections of the given line. 
Obtain d and e, the horizontal traces of the lines. Through d and e 
draw a line, and with this line as an axis of rotation ' construct ' the 
triangle thus formed into the n.P. The point, a, will travel in a plane 
perpendicular to d e. Draw af perpendicular to de and produce it 
beyond a. To obtain the actual distance of A from /, construct 
a right-angled triangle having its base, gf, equal to af, and its per- 
pendicular a^ g. Then its hypotenuse, a'^, will be the actual 
distance required. Make /A equal to a'/'. Joined A and cA. 
'he angle d Ae is the angle requu^d. 
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PSOBXiSM 45. — To draw the traces of a plane which shall have 
a giyen inelination to either of the co-ordinate planes, and shall contain 
a given line. 

Let a 6, a' 6' be the projections of the given line, and let the 
required plane be inclined to the H.P. at 65°. Find the traces, v 
and /t, of the given line ; these must be points in the traces of the 
required plane. From v draw a line to meet X Y at 65° to repre- 
sent the slant side of the cone on which the plane may be assumed 
to rest. Draw the plan of this cone. From h draw a tangent to 
the plan of the cone, meeting X Y in ^. This will be the horizontal 
trace of the plane. Join v t for the vertical trace. 

The second figv/re shows the solution when the inclination to the 
V.P. is given. The same method of working is followed, the base 
of the cone being now in the vertical plane. 

Notes. — 1. The inclination of the line cannot be greater than the indinA- 
tion of the plane, as, if it were bo, the horizontal trace would fall within the base 
of the cone and no tangent could be drawn. 

2. Two planes may be drawn satisfying the conditions, one on each side of 
the cone. 



FBOBLEM 46. — In a given plane to place a line inclined at a given 
angle. 

Case 1. — Inclined to the horizontal plcme. 

By referring to the diagram. Fig. 1, the reason for the solution 
will DC easily seen. Let V T H be a plane inclined at 60° to the 
H.P., and let it be required to place in it a line inclined at 45"" to 
the n.P. In V T take any point a' and draw a' a perpendicular to 
X Y. From a' draw a' h' to meet X Y at an angle of 45°. Now 
imagine the triangle a a' V to be revolved on a a' as an axis until 
the point V reaches the horizontal trace of the given plane in 6. 
The triangle will then occupy the position E^own by the triangle 
a* h a, and a' b will be the required line. 

Four different planes are shown ; the construction is the same in 
all cases. Let vt,hthe the traces of the plane and let the line he 
inclined at 46°. In vt take any point, a\ and draw a^ a perpen- 
dicular to X Y. From a' draw a' B to meet X Y at an angle of 
46°. With centre a and radius aB describe an arc cutting htmh. 
Join a h. This will be the plan of the line. Project b to 6', and 
join a' y for the elevation. 

Case 8. — Inclmed to the vertical plane. 

The solution is exactly similar to the previous case ; it is only 
necessary to imagine the preceding figures reversed. One figure 
only is shown, the rest may be easily worked out by the student. 

Take any point, a,mht and draw a a^ at right angles to X T. 
From a draw aB meeting X Y at 46°. With centre a' and radius 
a B describe an arc cutting vt'm h\ Join a' b' for the elevation. 
Project 6' to X Y and join a 6 for the plan. 
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TBJOELEM 47. — From a giren pomt to draw a line parallel to t 
giyen plane and Iweliiied at a giyen angle. 

Let a^af he the projections of the given point, vth the given 
plane, and let the Une be inclined at 50° to the £LP. Firat obtain 
the traces, v' if h', of a plane parallel to the given plane, and con- 
taining the given point. \Proh, 35.) From a^ draw a' c^ to meet X T 
at 50° and obtain its plan ac. With centre a and radins ac de- 
scribe an arc catting h' If ind and e. Join a d for the plan, and 
project the elevation a' d\ Two lines may be drawn from the point, 
a e and a' e' being the projections of the other line. 

PSOBLEM 48. — ^In a given plane to place a line of a given length 
and inclined to the H.P. at a given angle. 

Let V ^ A be the given plane, and let the given line be inclined 
to the H.P. at 45°. In t; £ take any point, a\ and draw a! a perpen- 
dicnhir to X Y. Draw a^ B to meet X Y at 45°. Obtain ah and 
of V as previously shown. On a^ B set off B C, the reqnired length. 
Project C to c', and c^ to e. Then hc^h* cf will be the projections of 
the required line. 

PSOBLEX 49. — Given the vertical traee of a plane which io in- 
clined to the H.P. at 50°, and the plan of a line lying in the plane, to 
determine the elevation, true length, and inclination of the line. 

Let t; ^ be the vertical trace and a b the plan of the line. Obtain 
the horizontal trace. (Prob. 24.) Find the elevation of each of the 
extremities of the line, and join a' and b\ (Prob. 84.) For the true 
length * construct ' the line into the H.P. as A B. (Prob, 8.) For 
the inclination produce a 6 to meet AB, giving B the inclination 
to the H.P. The inclination to the V.P. may be found in a similar 
manner. 

PBOBLEM 50. — Draw the traces of two planes not at right angles 
to either plane of projection, and determine the angle which the inter- 
lectlon of these two planes makes with the vertical plane of projection. 
(8c., 1889.) 

Draw the traces of two oblique planes vth and t?' t^ h'. Deter- 
mine their intersection a 6, a^ b\ Draw 6' B at right angles to a' b\ 
Make ^''B equal to b^ b. Join B a\ Then <^ will be the inclination 
of the intersection to the Y.P. 
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EXEBGI8S8 

CHAPTEB XVlll 

Note.— Figoies to which these questions relate will be found on the oppoSte page. 
They must be drawn to a much larger scale. 

1. State precisely what is represented by each of the four given figorei, a, 
hyC.d. (iSc, 1888.) 

2. Show by their traces two vertical planes making 60° with each other, and 
with the vertical plane of projection, (fife, 1887.) 

3. Define the ' traces of a plane.' Represent by their traces two jparallel 
vertical planes 1" apart, and inclined 86° to the vertical plane of projection. 
(Sc, 1878.) 

4. Taking a 6 as the horizontal trace of a plane inclined at 60°, draw the 
vertical trace. (iStf., 1882.) 

6. Draw a plane parallel to the given plane and 1" from it. (jS^c, 1882.) 

6. Through the given point, ^;g\ draw a plane parallel to the given plane. 
(5c., 1877.) 

7. Determine the projections of the intersection of the two given planes) 
and also the inclination of this intersection. (iSc, 1877.) {^rob%, 80 and 8.) 

8. The traces of a plane are given. Determine its vertical trace on a new 
vertical plane, a b. {8c., 1878.) 

9. Find the intersection of two planes whose horizontal traces are parallel 
and 1" apart, and which are inclined in the same direction at 25° and 50° 
respectively. {So., 1881.) 

10. O a and O 6 are the horizontal traces of two planes. O i is tiie pkn 
of their intersection. The plane of which O a is the horizontal trace is inclined 
to the H.P. at 65^. Determine and write down the inclination of the second 
plane to the H.P. (iS^c, 1888.) 

Note.— Imagine the two planes to meet like two of the sides of a pyramid. Make a 
vertical section of the plane having the given inclination. Draw c d perpendicular to 
Ooyce perpendicular to c (2, and d « at 65° to e d. Imagine this triangle to be vertical, then 
e would be a common point in both planes. If ef be drawn perpendicular to &, and on 
it a triangle be drawn having its altitude equal toe*, then the angle c/e* will be the 
required inclination. The dotted lines show the working. 

CHAPTER XIX 

1. Draw the projections of a horizontal line lying in the given plane and 
1-25" above the horizontal plane of projection. {Sc, 1888.) {Fig. 1, page 218.) 

2. The traces of a plane parallel to the ground line, vv,hh, are given; a 
is a point on the ground line. Determine the length of a perpendicular drawn 
from a to the given plane. {So., 1888.) 

Note.— The perpendicular drawn from 6 to 6' C in Problem 33, case 4, is the distance 
required. 

3. Represent by its traces a plane inclined at 65° to the H.P., and contain- 
ing the given point a a'. {Sc, 1884.) {Prob. 88, case 4.) 

4. a" is the elevation of a point in the plane, lorn; & is the plan of a ^mi 
in the plane, w op. Determine the real length of the line joining these points. 
{8c.y 1887.) ^. , 

Note.— Find the other projections of each point and determine the true length oi 
the joining line by Problem 8. 

5. a & is the plan of a line lying in the given plane. Determine the in- 
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clination of this line to the H.P. {Sc, 1884.) {Probs. 84 and 8.) 
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6. ^ ^ is the plan of a line lying in the plane. Determine its elevation and 
real length. (5c., 1888.) 

7. The projections of a Ihie and point [jpji') are given. Determine the 
traces of a plane containing the line and point. (iSc, 1878.) {Trob. 86.) 

8. ahy a'h' are the projections of a given line; cd \a the plan, and j>' a 
point in the elevation of a second line intersecting the first. Determine the 
traces of the plane containing the two lines. (jS^c, 1886.) {^rdb, 87.) 

9. The plans of two parallel horizontal lines are 1'75" apart. The lieiglits 
of the line are 0*5" and 1*76" respectively ahove the H.P. Determine the inclina- 
tions of the plane containing the two lines. (iSc, 1884.) {Proh%. 88 and 28.) 

10. Find the intersection of the given line C D with the given plane. (£fe., 
1882.) 

11. Draw a plane parallel to the ground line, 1" distant from it, and Tnalring 

Xed angles with the plane of projection ; find the projections of the point in 
ch the given line A B meets this plane. (iSc, 1885.) 

12. From the given point,|i^', draw a perpendicular to the given plane and 
determine the real length between j> j>' and the point in which it intersects 
the plane. (Sc, 1885.) 

18. The plan, |i, of a point lying in the given plane is shown. Determine 
the elevation of the point and draw throngh it a perpendicular to the given 
plane. (Sc, 1878.) 

14. A vertical plane of which ^Hs the horizontal trace cuts the two given 
planes. Draw the elevation of the intersections and determine the real angle 
they contain. (Sc, 1887.) 

Note.— Obtain the vertical trace, A V, of the vertical plane, and determine the eleva- 
tion of its intersections with eaoh of the given oblique planes. {Pruh. 30.) From a^ 
where these intersections cut, draw a!<Lt and determine the real angle between & a' and 
c a' by Pnb. 44. The working is shown in dotted lines. 

15. Draw a plane to contain the line a 5, a' b\ Fig. 11, and the horizontal 
trace of which makes 46° with the ground line. (8e., 1885.) {Prob, 45.) 

16. Determine the horizontal and vertical traces of a plane containing the 
given line AB (Fig. 11) and inclined at 55°. {SCt 1881.) 

17. Find the intersection of the line O D with the plane inclined at 45° 
whose horizontal trace is given. 

18. From the given "pointf pp', in the given plane draw two lines in the plane 
inclined at 29°, and determine the real angle they contain. {8c., 1888.) {JProbs, 
47 and 44.) 

19. { 7» is the horizontaJ trace of a plane inclined at 55° to the H J^. Draw 
its vertical trace, and from the point whose projections are p and p' draw a 
horizontal line meeting the plane in a point 2' from jp^'. {Sc, 1885.) 

20. The horizontal trace of a vertical plane makes 42^ with the gronndline. 
Determine the elevation of a line lying in this plane, inclined at 80°. and pass- 
ing thronph the point where the given plane cuts the ground line. (iSc, 1889.) 
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CHAPTER XX 
FBOJECnOHS OF OBUQXnB SITSFACES 

In representing the projections of oblique sur£a.ces it is more con- 
venient to firzi assume that the plane upon which the sor&ce is 
supposed to rest is perpendicular to the V.P., and inclined ov^ to 
the H.P. The elevations of an^ points in that surfieuse will then lie 
in the verticaJ trace of the inclmed plane. If other elevations are 
required inclined to the y.P., they may then be easily obtained by 
altering the ground line. For instance, if a book be placed on 
the H.P. with its back perpendicular to the V.P. and the cover be 
opened at any angle, the elevation of the cover will be a line, and 
the elevation of any surfEu^e lying on the cover will lie in that line. 
If now an elevation were required when the cover is also inclined 
to the y*P. it would only be necessary to draw a fresh ground line 
inclined to the V.P. at the required angle, and project as shovm 
previously in Chapter XVI., Problem 297, &c. The consideration 
of the foUowing examples will demonstrate the advantage of this 
method of procedure. 

PBOBLEM 51. — An equilateral triangle is inclined to the H.P. at 
45°, and one of its edges is horizontal. Draw its plan and also an 
elevation on a ground line inclined at 30° to the V.F. 

As the surface is inclined to the H.P. at 46°, commence by 
drawing the traces of a plane inclined at that angle. Draw the 
plan of the triangle (ABC) when lying in the horizontal plane, 
with its side A C parallel to the horizontal trace of the plane. 
Project to X Y, and rotate this elevation (A^ BO into the vertical 
trace, giving a^ b% the elevation of the triangle. Obtain the plan by 
dropping perpendiculars from a\ h* to meet lines drawn from A, £, 
and C parallel to X Y. Join a, 6, and c, giving the required plan. 

For the fresh elevation draw x y making 80° with the V.P. 
Project from a, &, and c, and make a \ h^\ and &^ the same height 
above x y that a\ h\ & are above X Y. 

PBOBLEM 52. — Braw the plan of a rectangle when its snrfEuse is 
inclined at 50°, and one of its diagonals is horlsontal. Also obtain 
elevations on ground lines inclined to the V.P. at 45° and 75*^ 
respectively. 

This problem is similar to the last. Draw the rectangle A B C D 
with one of its diagonals A C parallel to the horizontal trace of 
the plane, obtain the elevation d^ h\ and the plan ahcdB& before. 
The rest of the working may be easily followed from the figure. 
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TBO'SLE'M. 58. — An octagon lies in a plane inclined at 40^ one of 
its diagonals is liorisontal, Braw its plan and elevation. 

First draw the octagon aBGD^FGH with its diagonal a e 
perpendioular to X Y. Produce aetoa^ and consider this line to 
be the horizontal trace of the inclined plane. Through a^ draw 
the vertical trace. Project the angular points of the octagon to X T. 
"With centre a' rotate the points G', H', B', C, into the vertical 
trswe. From the points g\ h\ b\ c', project to meet lines parallel 
to X Y from the corresponding points G, H, B, &o, of the plan. Join 
the points thus obtained. 

Note. — This is only another way of arranging the figure, a Bimilar result 
would be obtained by drawing the traces in the same position as in the 
previous problems. The circle and any of the other polygons may be treated 
in a giTniii^y manner. 



FSOBLEX 64. — a 5 e (2 is a fonr-sided flgnre ; draw its plan when 
6 ^ is horisontal, and a c inclined at 62'' to the HP. {8c., 1888.) 

Draw the traces of a plane inclined at 62°. Place the figure so 
that bdiB on tiie horizontal trace. Proceed as in the previous 
problem. 



FBOBLEM 66. — ^A rhombns revolves abont its shorter diagonal 
until the plans of its smaller angles are right angles. Draw its 
projections, and show the inclination of its surface to the H.P. 

Place the rhombus AbCd with its shorter diagonal b d per- 
pendicular to X Y. On bd describe a circle, and join the points 
df 0, b, a. The angle in a semicircle is a right angle (Euc. iii. 81), 
therefore abed will be the plan. Project from A, 6, and C to X Y. 
"With centre 6' describe arcs from A' and C. Project from a and 
c to intersect these arcs in a' and c\ Through b' draw a' c\ the 
required elevation. The angle C b Q' will represent the inclina- 
tion of the rhombus to the H.P. 



FBOBLEM 66. — The given isoseeles triangle a & o is the plan of an 
equilateral triangle, whose base a c is in the H.P. Dotoxmine the 
height of B above the H.P., and the angle at which the sides ab,bc 
are inclined. 

On a c construct the equilateral triangle a B c. Produce a c and 
draw X Y at right angles to it. Project fi:om B to B'. With centre 
a^ describe the arc B' b' to meet a projector from b. Join a' V, 
The angle b' a' B^ is the inclination of the plane of the triangle, 
and d b' is the height of its vertex B above the n.P. To find the 
imxilinaii(m of the sides, draw b V perpendicular to a & and equal to 
d b\ Join a 6". The angle 6 a 6" wiU be the inclination required. 

Note. — ^If the plan and true shape of a figure are given, its inclination 
may always be determined ; if the inclination and true shape are given, then 
the plan may be found ; and if the inclination and plan are given, then the 
true shape of the figure may be ascertained. 
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FBOBLEX 57. — ^Draw the projecttons of a square prism when one 
of its ends is inclined at 60°, and none of its edges are horizontal. 
Also obtain another elevation on a line inclined at 75° to X Y. 

Draw the traces of a plane inclined at 60°. As none of the 
edges are horizontal, draw the square AB CD with none of its 
edges parallel to the horizontal trace. Project to X T and obtain 
a\ &^ cf^df as in Froh. 52. Set off the long edges at right angles 
to the vertical trace, make them the required length, and join &', / 
for the elevation. Project vertically firom each end to meet lines 
parallel to X T from A, B, C, D for tiie plan. 

For the second elevation draw x y making 75° with X Y, and 
project from each angle of the plan as shown. Make each of the 
points a*\ &'% &c., the same distance above xy that a\ &', &c., are 
above XY. 

THE nrCLIHATIOK OF THE FLAHE of any figure, AHB OF AHT 
LIKE connected with it, being given, to determine its projections. 

In Frohs, 51-57, only the inclination of the plane of the figure 
was given ; if, in addition to the inclination of the plane, the inclina- 
tion of a line belonging to the figure is also given, then the exact 
^position of the figwre on tJie oblique pla/ne is fixed. Thus if a 
triangle has its smdface inclined at 60^, and one of its sides 30°, then 
its position with regard to the planes of projection is definitely 
fixed. 

PROBLEM 58. — ^To determine the projections of an equilateral 
triangle, when its plane is inclined at 60°, and one of its sides 45*^. 

Commence by drawing the traces of a plane inclined 60°, and 
then by Proh, 46 place a line inclined 45° on this plane thus :— In 
the vertical trace take any point, &^ and draw b^ b perpendicular to 
X Y, and b' A to meet X Y at 45°. With centre 6, and radius b A, 
describe an arc cutting the horizontal trace in a. Join a b. Then 
a b, a' y will be the plan and elevation of a line inclined 45°, lying 
on a plane inclined 60°. ' Construct ' this line into the H.P., by 
turning a' V into X Y as a' B, and joining a B. (Then a B vM he 
the true length of the line.) On aB set off CD the side of the 
required figure, and on it construct the triangle CDE. The 
remainder of the construction is exactly similar to the preceding 
problems. Project fi:om C, D, E to X Y, and turn each of the 
points C, D', E' into the vertical trace, giving c' d^ e' the elevation 
of the triangle. Project from c', d\ e' to meet lines parallel to X Y 
fi:om C, D, E. Join the points c, c?, e for the plan. 

Notes. — 1. The plans of the points C and D must fall on a b. 
2. The inclination of the given line can never exceed the inclination of the 
plane, as will be seen by reference to Fig. 1, Prob. 46. 

8 An additional elevation is shown on the ground line x y. 
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FBOBLEM 59. — ^To detennine the projections of a regular hexagon 
when its plane is inclined 50^ and one of its diagonals inclined 30°. 

First draw the traces of a plane inclined 50°, and obtain ah the 
plan of a line in the plane inclined 80°. ' Constmct ' this line into 
the H.P. as before. On a B set off C F the lei^i^ of the diagonal, 
and constmct the regular hexagon by describing a circle witib CF 
as its diameter. Project each angle of the hexagon to XT, and 
obtain the elevation and plan as before. 



PBOBLEM 60. — ^A cube has one of its fkees inclined 45°, and an 
edge of that fiaee inclined 25°. Determine its projections. 

Draw the plan, a &, of the line having the given inclination as 
before, and * construct ' it into the H.P. as aB. On aB construct a 
sauare, C D £ F, of the required size representing a face of the cube. 
Ootain the elevation, c'd/e'f^ as before. At each of the points 
c^d'te^f draw lines perpendicular to the verticeJ trace. Make 
them equal to CF and complete the elevation. 

For the plan, project from each of the comers of the figure as 
shown to meet lines parallel to X Y from the points C, D, E, F. 

TEE nrCUHATIOK OF ANY TWO INTKB8ECTING LINES con. 
neeted with a figure being given, to determine its projections. 

It has already been shown that when the inclination of the plane 
of a figure and the inclination of any line connected with it are 
given, its exact position with regard to the planes of projection is 
fixed. This is also the case if the inclinations of any two inter- 
secting lines of the figure including a known angle are given. For 
instance, if the inclinations of two sides of a square are 80° and 60° 
respectively, then its plan and elevation will always be the same 
wherever the square may be placed. The point of difference 
between this and the previous problems is, that we have previously 
assumed the plane, while in this case it must first be determined. 

To understand clearly the reason for the construction used, the 
student should actually cut out the figure in cardboard or paper. 
For example, let two Hnes AB, AC meet at an angle of 75 , and 
be inclined to the H.P. at 45** and 80° respectively. Draw A B, A C 
(Fig. 1) meeting at an angle of 75°. In AB take any point B, and 
from it draw BD making 45° with AB. From A draw AD per- 
pendicular to BD. Draw AE equal to AD and making 60° (the 
complement of the given inclination 80°) with A C. From B draw 
E G perpendicular to A E, and meeting A C at an angle of 80°. 

If the figure B C E A D be now cut out, and folded on the lines 
AB and A C until the point E coincides with the point D, then the 
inclinations of the plane of the figure, and the two lines will be 
clearly seen. The line B will be the horizontal trace of the plane 
which contains the lines AB and A C. 



PROJECTIONS OF OBLIQUE SURFACES Z3S 



Pbob. 69. 




236 SOLID OR DESCRIPTIVE GEOMETRY 

FBOBLEM 61. — ^To detexmine the traees of a plane which shall con- 
tain two lines intersecting at 60^, and inclined to the H.P. at 50° and 
40° respectively. 

Note. — The sum of the inclinationB of the lines together unth the angle 
contained by them mast not exceed 180°. If it equals 180° the lines will lie 
in a vertical plane. 

Draw any two lines A &, A c intersecting at 60°. At any point, 
c, in Ac draw cD, making an angle of 50°, and from A draw AD 
perpendicular to it. With centre A and radius A D describe an 
arc. Draw the line h E tangent to this arc, and making 40° with 
A&. (The best wayto do this is to draw any line at an angle of 40° 
with A &, and draw the tangent parallel to tiiis line.) Join h and c. 
The line he will be the horizontal trace of the plane. Draw X T 
at right angles to & c. As A D represents the actual height of the 
point A above the H.P., draw a line parallel to XY and at a 
distance from it equal to A D. Project A to X Y. With centre 6' and 
radius 6'A' describe an arc intersecting the parallel line in a\ The 
line y a' will be the vertical trace of the plane, and will contain the 
elevation of the lines A &, A c. The plan of the lines may be ob- 
tained by projecting from a' to meet the line parallel to X Y from 
A, and joining a with b and c. 

f Note. — The lines c D and b E also represent the plans of c A and 6 A, as 
may be seen from the paper model, and are therefore eqnal to c a and ba. Ji 
with centre c and radius c D, an arc be described to intersect another arc 
described from centre b with radius b E, another solution for finding the point 
a will be obtained. 



FBOBLEM 62. — ^To draw the projections of a rectangle when its 
diagonal and one of its sides are inclined 40° and 85° respectively. 

Draw ABGD, the true shape of the rectangle. The plane 
must now be determined which contains the two lines A C and A D. 
Produce these two lines indefinitely from A. In AC produced 
take any point, e, and draw 6 D at an angle of 40° with A e. Draw 
AD perpendicular to cD, and with centre A and radius AD 
describe an arc. Draw h E tangent to this arc, and making 35° with 
7i A. Draw h t the horizontal trace of the plane. Draw X Y at 
right angles to h t Draw a line parallel to X Y at a distance equal 
to AD. Project from A, B, C, D, to X Y, and with centre t and 
radius t A' intersect the parallel already drawn in a\ The vertical 
trace of the plane will be ta\ Obtain the elevation c' d/b' a' as 
shown. For the plan, project from each point of the elevation to 
meet lines parallel to X Y from A, B, C, D. Then abed, will be 
the plan. 

Notes. — 1. Other plane figures may be treated in a similar fashion, and 
fresh elevations may be determined in exactly the same manner as in previous 
problems. 

2. The student must remember that when the position of the figure, and 
the traces of the plane containing it are determined, its projections are drawn 

exactly the same process as shown in Prob. 61. 
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FBOBLEM 63. — ^To determine the projections of a plane figure 
having GIVEN THE HEIGHTS OF THEEE POINTS in it. 

Note. — The difierenoe between the heights of any two points must not 
exceed the distance between them. 

If the three given points be joined a triangle would be formed, 
and the traces of the plane must be determined which will contain 
this triangle. The theory of the construction is similar to that of 
the two previous problems. 

Let the figure be a square, and let the heights of three of its 
comers A, B, C be 2^", V\ and \" respectively. Draw a square 
A BCD of the given dimensions in any position on tiie H.?. 
Produce the side AB, and the diagonal A C indefinitely firom A 
With centre A and radius 2^^^ describe an arc ; with centre B and 
radius V^ describe a second arc, and with centre C and radius \' 
describe a third arc. Draw a line tangential to the arcs described 
from A and B to meet AB produced in 6, and another line 
tangential to the arcs described from A and G to meet A G pro- 
duced in /. Join / and e and produce. This line will be the 
horizontal trace of the plane. Draw X Y at right angles to fe. 
At a distance equal to the height of A (2^% draw a Une 
parallel to X Y. Project from the point A to X Y, and with centre 
t and radius t A^ describe an arc intersecting the parallel in a\ 
Then t a* will be the vertical trace of the plane. Project tJie other 
points B, G, D to X Y, and obtain the elevation and plan as in the 
previous problems. 



PROBLEM 64.— A line, a &, 2'^ long, lying in the H.P. is the base 
of a triangle, the real lengths of the other sides are 2\'^ and If'^ 
The vertex of the triangle is \^'' above the H.P. Complete the plan, 
and draw the elevation on xy, (8c., 1887.) 

On a & construct the triangle abC having the given dimensions. 
Assume a & to be the horizontal trace of a plane containing the 
triangle, and draw X Y perpendicular to it. Draw a line parallel 
to X Y at a distance of 1^'^ Project from G to X Y, and describe 
an arc intersecting the line in c^\ Project from c'' to meet a 
line parallel to X Y from G. Join ca^ch to complete the plan. 
For the elevation let c' be 1 J'' above x y. 



FBOBLEM 66. — ^The letter L as given rests on a plane inclined at 
86®, with the points a and b on the horizontal trace of the plane. 
Draw its plan. (8c., 1890.) 

Through the points, a and 5, draw the horizontal trace of the 
plane, and at any point, a\ draw X Y perpendicular to a b. Draw 
the vertical trace of the plane inclined at 85°. From each angle 
project to X Y and rotate into the vertical trace. From each point 
of the elevation project to meet lines parallel to X Y from each 
angle. 
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CHAPTER XXI 
PBOJECnOKS OF SOLIDS AHD OBJECTS OF SIMPLE FOBH 

In Chapters XVI and XX, the representation of solids in simple 
positions, the projection of sections, and the construction of fre^ 
elevations on other given ground lines have already been dealt with; 
it will only be necessary here to deal with a few of the more diffi- 
cult projections. The solids and objects given are selected mostly 
from recent examination papers, and nm^he d/ravm to a large scale. 
The principles used should be applied to other soHds in a similar 
manner. 

PROBLEM 66. Draw the plan of a cube: — 1. When its diagonal is 
vertical. 2. When its diagonal is horiiontal. 

1. The cube must first be placed so that the diagonal will be 
shown its fall length. Draw the plan ABC D with its diagonal, 
AC, parallel to the V.P. Obtain the elevation. Then A'G' will 
represent the diagonal of the cube. If a ground line, X^ Y^, be now 
drawn at right angles to A' G', then A' C' G' B' will represent the 
elevation of the cube when the diagonal is vertical Project from 
each angle, making b d equal to B D. 

2. Draw the ground line, x y, parallel to the diagonal A' GK, and 
project as in the other figure. 

Notes. — 1. For other positions of the cube see Chapters XVI and XX. 
2. The plan when the diagonal is vertical is a regular hexagon. 
8. The solid must always be arranged so that the line whose inclination is 
given is shown its full length in either plan or elevation. 

4. The student diould remember that when fresh plans or elevations are 
made, their distances from their corresponding ground lines are the same. In 
Problem 66, D, d, and <2j are the same distances from their respective ground 
lines. 

FBOBLEM 67. A square prism 3'^ long, and l*y^ square, lies with 
one of its side edges horizontal, and one of its sides inclined at 30°. 
Make an elevation of it on a V.P., which is at 60° to its axis. Also 
draw the section made by a V.P., which is at right angles to the above 
plane of elevation, and which cuts the lowest edge of the prism at V 
from one end of it. 

First draw the elevation A' B' C D' when one end of the prism 
is parallel to the V.P., and from this obtain the plan. The edges 
will now be shown their full length. Draw X' Y' making 60° with 
b B\ Project from each angle of the prism, making a' b' c' d^ the 
same height above X' Y' that A', B', C, D' are above X Y. 

For the section, find a point, 2, on the lowest edge of the prism, 
1' from a, and draw the section plane at right angles to X' Y'. 
Draw xy parallel to this plane, and project the end which is not cut 
away. From each point of the section project to meet the lines 
parsJlel to xy from each comer of the end. 

FBOBLEM 68. — The plan abcv of tk triangnlar pyramid standing 
on the H.F. is given. The vertex of the pyramid is in the given plane 
mon. Draw the elevation, and also a section on x, y^. 

Obtain v^ by Problem 33, and complete the elevation. 

For the section draw x^ y^ parallel to the section line, and on it 
^btain another elevation. Project each of the points, 1, 2, 8, and 
n as shown. 
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FBOBLEM 69.— Draw the projectioni of a hexagonal pyramid:— 1 
When one face is in the H.P. 2. When one face is vertical. 3. Show 
a section made by a plane passing through the centre of the base of the 
pyramid parallel to the vertical face. 

1. Draw the plan AB CDEF, a^d place it so that two sides 
are perpendicular to X Y. Obtain the elevation. If a ground Kne 
X'Y', be drawn containing V 'o\ then fVv' wiU represent the 
elevation of the pyramid when one face is horizontal (turn the paper 
so that X' Y' is in a horizontal position). From this elevation pro- 
ject the fresh plan, making each point as far from X' Y' as the 
corresponding point is from X Y (6' c and 6' 6 = 6' C and J'B re- 
spectively, and v't; = a' V). 

2. Draw a? y perpendicular to the vertical face,i?'/'. Then v'fV 
will represent the elevation when v' f is vertical Project a new 
plan, making, as before, each point as far from a; y as the correspond- 
ing point is from X Y (/' ^, = /' E, &c.). The vertex wiU fall m the 
middle of one side. 

3. Draw the section line L M passing through the centre of the 
base and parallel to the vertical face. Project as shown from the 
elevation, and obtain the widths from the plan. 

Note.— This is a very instructive problem, and should be drawn to a larce 
scale and carefully worked out. ^ 

PROBLEM 70.— Draw the plan and elevation of a tetrahedron when 
one face is inclined 50^, and one side of that face 80°. 

Draw the traces of a plane inclined 50°, and obtain a line, a h 
lying in that plane and inclined 30°. •Construct' this line 'into 
the H.P. as aB, and on it draw the plan of the tetrahedron. 
Obtain the elevation and plan as shown. The height will be found 
as in Problem 310. 

PROBLEM Tl.—The plan of an octahedron with one face in the H.P. 
ia given. Draw:— 1. an elevation on X Y. 2. Another elevation when 
one edge of the horizontal face makes 70° with the V.P. 8. A sectional 
elevation made by a vertical plane m n, 

1. Project from each angle of the plan. To obtain the height, 
produce d 6, and with centre c and radius equal to the altitude of the 
equilateral triangle, aecy describe an arc cutting <i 6 in M, then LM 
will be the distance between two parallel faces of the solid. Make 
/' a' equal to L M, and complete the elevation. 

2. Draw X' Y' making 70° with df. Project from /, 6, and d 
to X' Y'. Set off the height equal to LM as before, and project 
from a, c, and e. Join the points obtained. 

3. Draw a ground Hue x y parallel to mn, and project an eleva- 
tion as in the last. From each point where the section plane cuts an 
edge of the figure, project to the corresponding line in the elevation. 
Complete the section as shown. Point 1 is on line a 6, therefore V 
will be on a'" 6'", 2 and 3 are on the H.P., therefore their elevations 
will lie in xy, 

Note.— The student is advised to project the face of the octahedron which 
"-*-^s on the H.P. first, and carefully letter each point as it is obtained. 
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FBOBLSM 72. — Given the plan and elevatioii of a solid, made ap of 
two square prisms. Draw the plan when the edges through the pomts 
A and B are both in the H.F. Also draw the section made by the 
vertical plane 1 4. 

As the edges containing the points A and B are to be m the 
H.P., draw x^ y^ through a' 6' and project as shown, making each 
point in the new plan the same distance from x, y^ as the corre- 
sponding point is from xy {a/ a^a' a,). 

For the aectdon draw X Y parallel to 14, and project from the 
plan, obtaining the heights from the given elevation. 



PROBLEM 78. — Oiven the elevation of the letter A cut oujt of 
material f thick, and standing on the H.F. Draw the plan, and make 
an elevation on a plane parallel to a diagonal of the rectangle at the top. 
Also make a sectional elevation on a line passing through the plan of 
the point &', and making 85*^ with the plan of the line b' c\ 

Draw the plan, making it }'' broad. Draw the diagonal, 2 m, of 
the rectangle at the top, and draw X Y parallel to it. First project 
ihe elevation of the front of the letter, a^^d^' m'', and then the back 
lines. The principal projectors only are shown on the figure. 

For the section draw a line through b making 35° with h c, and 
'draw x' y' parallel to it. Project an elevation on this ground line 
.as before. From each of the points of section, b, 1, 2, 3, 4, 5, project 
*to the corresponding line in the elevation. The projector from h 
will of course pass 

through 6'^'. Point 2 yj^ Peob. 74. 

is whero the inner lines 
of the top of the letter 
meet. 



PROBLEM 74.— 
Oiven the end elevation 
and part of the plan of 
a box {/' thick. Com- 
plete the plan and ob- 
tain a sectional eleva- 
tion on A B. 

Complete the plan 
by setting oflF the thick- 
ness of the wood, and 
projecting the hd. 

Draw XY parallel 
to A B, and project the 
section, making the 
heights the same as in 
the given elevation. 
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EXEBCISE8 

CHAPTERS XX. 'and XXI 

1. The given figure represents the plan of a sqnare, one of whose diagonals 
is horizontal. Find the side of the square and the inclination of its plane. 
(5c., 1876.) 

2. Qthcd represents a blackboard upon which an equilateral triangle is 
drawn as shown. Draw the plan of the board and triangle when the plioie of 
the former is inclined 45^ and the long edges [ahyCd) are horizontal. (5c., 
1879.) 

3. Draw the plan of an equilateral triangle of 2" sides lying in a plane 
inclined at 45^, and with one of its sides inclined 60°. (iSc, 1882.) 

4. Draw the projections of a square of 2|" sides ; one side to be in the 
ground line. The opposite side to be equidistant from both planes of projec- 
tion. (Sc, 1884.) 

5. The T square, supposed to have no thickness, rests with the angles a 
and h on the H.P. and its own plane is vertical. Draw an elevation on a plane 
making 85^ with the plane of the T square. (Sc, 1886.) 

6. Draw the plan of a regular hexagon of 1^'' side in any position Bach 
that its plane is neither horizontal nor vertical. (Sc, 1886.) 

7. Draw the plans of two spheres, 1" and 2V in diameter, touching each 
other, and both planes of projection. {8c.^ 1887.) 

8. An hexagonal right pyramid, side of base lV'« height 8^", stands on the 
H.P. It is truncated by a plane parallel to and 1^'' from its base. Suppose 
tliis truncated pyramid to be tipped about an edge of the base till the plane 
of one of the six side faces is horizontal. Draw the plan. (iSc, 1889.) {Apply 
Prob. 69.) 

0. ab c represents the plan of a wedge-shaped slice cut out of a cylindrical 
cheese, whose height is equal to half the radius, a b. Draw the plan of the 
slice resting with one of its rectangular faces on the H.P., and construct an 
elevation on a line making 25° with the short sides of that face. (jSc, 1888.) 

10. Four equal bricks are arranged as shown, their side faces being all in 
one plane. The dimensions of each brick are 9" x 4^" x 8". Draw the plan of 
the pile, and an elevation on a plane inclined at 85° to the long edges of the 
three lower bricks. Scale ^ full siee. N.B. The figure is not to be merely 
reproduced. (5c., 1887.) 

11. Make a sectional elevation of -the pile of bricks by a vertical plane con- 
taining the diagonals of the horizontal faces of the brick A. 

12. The plan and elevation of a simple solid are given. Draw an elevation 
on a line parallel to X Y. (5c., 1886.) 

13. Make a sectional elevation of the solid on the line A B. 

14. The elevation of the letter X is given. Supposing it cut out of wood 
of thickness equal to the breadth of the bars, draw its plan when standing 1^" 
in front of the V.P. Draw an elevation on the ground line XY. {Sc, 
1885.) 

15. The front and side elevation of a hencoop are given. Draw its plan 
and an elevation on the ground line X Y. {Sc, 1885.) {Draw the figure twice 
the given size.) 

16. Draw a section of the hencoop made by a V.P. passing through the 
centre of the plan and making an angle of 55° with the sides. 

17. Given the plan and elevation of a trestle. Draw an elevation on AB. 
(5c., 1884.) {Draw the figure twice the given size.) 

18. Draw a sectional elevation of the trestle on C D. 

19. An octahedron of 2" edge lies with one face in the H.P. Draw an 
elevation of it on a vertical plane which makes an angle of 80° with one edge 
of the base. {Sc, 1881.) {Prob. 71.) 

20. Assuming the octahedron in Question 19 to be cut by a vertical plane 
passing through its centre and perpendicular to the vertical plane above 
mentioned, draw a section of it and show also what is seen in the elevation. 
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CHAPTER XXII 
OBAFHIC ASITHMETIG 

In ordinary arithmetic we use arbitrary signs to represent 
numbers, and to perform calculations with. We may also represent 
numbers by lines, and obtain ordinary arithmetical results by 
means of geometrical constructions. This use of lines is termed 
Oraphio Arithmetio. The processes involved are applications of the 

Cciples of proportion, as shown in Chapter IV. ; there the student 
already been shown that the arithmetical and geometrical 
solutions produce the same result. The greatest possible care and 
accuxKQ^ in the constructions are absolutely necessary, as the 
studeot will find by checking his geometrical result by arithmetic. 

If a line W long be taken to represent 9, then a line 6'' long 
would stand for 18, a line V* long for 3, and a line i'' in length 
would represent 1. This distance of i'', which stands for the 
number 1, is called the unit of xneasurexneiit ; it may be of any 
length, as yards, feet, inches, &c., but for the convenience of geo- 
metrical constructions the imit must be selected according to the 
size of the quantity to be measured. If the quantities to be 
measured are small, units of 1", i", &c. might be suitable ; while 
to represent larger quantities, units of jj^'" or ^~^ might be more 
convenient ; but whatever distance is taKen to represent the unit, 
t}ie result obtained must be on the sa/me scale as that on which the 
unit represents a number, 

FBOBLEH 76. — ^The line a b representB 17. To find the unit. 

Draw a c at any angle to a 6, and set off from the scale 17 equal 
distances to any convenient scale (say Y"), Join b c, and from 16 
draw a line parallel to 6 c and cutting of£ db, ^ of the given line,, 
and hence the required unit. 

FBOBLEH 76.— If a b represents 26, wliat does c d represexLt, and 
what is the nxiit t 

Draw ae and set off 26 convenient units from the scale. Join 
b and e, and from 26 draw a parallel cutting off the unit bf. To find 
what c d represents, set oE ad equal to c d, draw d g parallel to b e, 
then a g (12) wiU be the number of units represented by c d, 

FBOBLEH 77. — The line ab represents 7 lbs. Draw the line 
which shall represent 12 lbs. 

Draw a c, and set off 7 + 6 equal parts. Join 7 6, and from 12 
draw 12 d to meet a b produced in d. Then a d will represent 
12 lbs. 
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FBOBLEH 78.— To find the SITIC of 7 + 4 + 3. ITnit }''. 

Draw any line a e, set otf a 6 = 7 units, 6 c - 4 units, and cd = % 
tinits. If the scale be now applied to the line, a d will measure 
14 units. 

FBOBLEH 79.— To find the DIFFEBENCE between 27 and 9. 
Unit ^'\ 

On any line set off ab-27 units. From 6 set off 6c = 9 
. units. Then a c will be found to measure 18 imits on the scale. 

FBOBLEH 80. — To draw a line to represent the value of 6 + 2-3 
+ 2 + 6-1. Unit -25''. 

Draw a line of indefinite length, and set off a 6 = 5 units and 
•add 6 c, 2 units more. From c set off c <Z = 3 units to the left, and 
from d add 'to the right de and e/=2 and 6 units respectively. 
From / subtract fg = l unit. Then a^ = ll units wUl be the 
-result. 

Xote. — Quantities to be added are called positive, and are measurecl to 
the right, those to be subtracted are called negative, and are measured to 
the left. 
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MULTIFUCATIOV 

It has alieftdy been shown in Ch&pter IV^ that when lour ntunbers are in 
proportion, ihe product of the extremes equal* iheproduct of the means. If 
one of the extremra be unity, then the pvodnct of the means equals the other 
extreme. If we take a nmnencal example to illustrate this, as the proportion 

1:4::3:1S wefindthat 4x8«12xl and that I2»i^« Bntdlvidingby 

nnitj does not alter the resnlt, therefore if we take lines to represent the 
numbers, the product of the numbers may be found by finfJi'Tior a fourth pro- 
portional (as in Chapter IV. Problem 27) between the three given lines, viz. : 
the unit and the two lines to be multiplied. 

FSOBLEK 81 . — To midtiply the lines A and B together. ITnit = C. 

The result is first shown when obtained as in Chapter IV. Praw 
two lines at any angle to each other, set off O equal to the unit 
0, A equal to A, and OB equal to B. Join AG, and from 6 
draw B D parallel to A ; then O D will be the product. 

The more convenient method is to arrange the lines as in the 
second figure. Draw O X of indefinite length. Set off O equal 
to the unit., C. Draw C A perpendicular to O C and equal to A. 
Join A and produce it. Set off O B equal to B, and draw BI) 
parallel to C A. Then B D will be the product, and must read to the 
same scale as the unit. The two results will be found to be equal. 

Note. — The triangles O A C and O D B are similar and the corresponding 
sides will be in the same proportion. Therefore O C : C A :: O B : B D, and 
CAxOB = BDx unity. 

PROBLEM 82. — Find the contfnned product of three or more HneB. 

Let A, B, C be the given lines, and D the given unit. Find the 
product of two of the lines and multiply this product by the other 
line. Draw OX of indefinite length and set off the imit, OD. 
Draw D A = A. Join A and produce. Set off O B = B, and draw 
B E the product of A and B. Make D F = B E. Join O F and 
produce. Set off OC = C, and draw CG parallel to DF and 
meeting F produced. Then C Q will be the product of A, B, and 0. 

Bivisioir 

If it is required to divide 12 by 8 the quotient might be expressed thus : 

. ? = 4. Dividing the quotient by unity will not alter its value, so that — = - 
8 8 1 

or 8 : 12 :: 1 : 4. Division, then, graphically treated will be the finding of 
a fourth proportional to the statement : — Divisor : dividend '•: unity : 
quotient. 

FBOBLEH 83. — To divide the line A by the line B. ITnit =^ C. 

Draw two lines at any angle. Set off B equal to the divisor 
B, and A equal to the dividend A. On O B set off the unit, 
O 0. Join A and B, and from C draw C D parallel to B A. Then 
O D will be the required quotient. 

Note.-OB:OA::OC:OD. Then ^=^=9^=OD. 

O B O C 1 

FEOBLEH 84.— Find the value of the fraction f . Unit y\ 
Proceed as in the previous problem. As 6 : 4 : : |''' : quotient. 
Draw two lines at any angle and set off B = 6, and A = 4 

units. Make O = i". Draw C D parallel to B Av cutting off O D, 

the required quotient. 
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FBOBLEH 86. —The ^ven line x represents the snm of the two lines 
a and h divided by c /in other words x » ^ "** Y Determine and write 

down the length of the unit. (/Sc, 1888.) 

This is an exercise on the preceding problems; the qnotient 
being given instead of the unit. Divisor: dividend :\ unity \ 
quotient. If we re-arrange the proportion by placing the term to 
be found in the fourth place, it wUl read thus : — Dividend : dim- 
8or:: quotient : unity t and we have simply to find the fourth pro- 
portional as before. Draw 00 = 0, and ob ^ a + b. Set off od 
equal to the quotient, x^ on the dividend, 6. Draw d e parallel to 
b c. Then e will be the unit. 

FSACnONS 

FBOBLEH 86. — To reduce the firactions J, | to equivalent fractions 
having a common denominator. Unit Y\ 

The common denominator may be any number. Draw two 
lines m, n at any angle. On m set oS Oa,Ob equal to the 
numerators of the fractions, 3 and 6 units. On O w set off O A, B 
equal to the denominators of the fractions, 4 and 8 units. On On 
set otf D the required common denominator (say 10 units in length). 
Join A a, and from D draw D a' parallel to A a. Join B 6, and from 
D draw D b' parallel to B b. Then O a' and b' are the numerators 

of the required fractions. ^^ = |, and ^,^^=r^ « |. 
OD OD 

Note.— The triangles a' O D and a O A are similar; therefore O a : O A 

::Oa' : OD, thatis, ^ ^ = -S^ or 1=-^. The other result may be 
* *OA ^5D * OD •' 

proved similarly. 

FBOBLEH 87.— To add or subtract fractions. 

From the previous problem we know that | + | = -^^ "*" n n " 

i_-J^ Vl_, Hence, to add fractions, reduce them to equal fractions 

having a common denominator by Prob, 86 ; add the numerators 
together by Prob, 78 ; and then divide the result by the common 
denominator D by Prob, 83. Or a simpler plan would be to find 
lines representing | and | by Prob, 84, and then add the results 
together by Prob, 78. 

FBOBLEH 88.— To find the product of | x f . TTnit Y\ 
Draw m of indefinite length. Set off A, O B equal to the 
denominators of the fractions, 5 and 7 units respectively. At A 
draw A C perpendicular to m and equal to 4, and at B draw B D 
perpendicidar to m and equal to 3 units. Join 0, O D. Set 
off E equal to the unit, and draw EP perpendicular to O m. Make 
0/ = E P, and draw//', the required product, perpendicular to O m. 

But EF and /O will cancel, being eqnal, leaving -^-^r, that is <{- , which 

£2 1 

tnves the result //"» 
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- PEOBLEM 89.— To divide \ by f . Unit y\ 

As I -f- f = I X |, the method of working becomes the same as 
that in the previous problem. 

nrVOLITTION 

If a number be multiplied by itself any number of times the 
results obtained are called powers of the number. Thus 3 x 3, or 3^ 
as it is usually written, is called the second power of 3; |x|x|x|, 
or (|)*, is the fourth power of \ ; and the small numbers (^) and (*) 
over the 3 and \ are called the indioeft of 3 and \ respectively. To 
raise or involve a number to its power is simply multiplication, and 
we may use the method employed in Problems 81 and 82, or the 
arrangement shown in the following problem. The student is 
advised to try both methods as a test of accuracy. 
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PEOBLEH 90. — To obtain the fourth power of the line A. Unit = B. 

Draw two axes, x x and y y, at right angles to each other and 
intersecting in O. Set off B = the unit, B, and A = to the given 
line, A. . Join A B and draw A C at right angks to it; then O C will 
be the second power of A, or A'^. Draw C D at right angles to A C, 
giving D as the third power. Draw D E at right angles to C D, 
giving O E the required fourth power. If the process be continued, 
the given line may be raised to any power. 

Notes. — 1. A O B and A O C are aimilar triangles ; therefore B O : O A 
:: OA: OO, and B OxOO =0 Ax 0A=0 A''; butB = unity; therefore 
OC = OA2. Again,AO:OC:: OC'.OD; andAOxODOOx OO 
«OC»; but OC=OA»; therefore 00»«OA*, and AOxOD=OA*; 

O A* 

therefore O D » -^ — ==0 A'. In a similar manner OS may be shown to 

Oa '' 

be equal to O A^. 

2. If the unit be greater than the given line, the lines A C, C D, &c., will 
get less and less. 

FBOBLEM 91. — To obtain any power of a fraction. 

Let (I)* be the given expression, and let the unit be lj\ 

We may find a line to represent the fraction by Problem 84, and 
then raise it to the third power by Problem 90. A more convenient 
method, however, is as follows : — Draw two lines, m and w, at 
any angle. Set off O A and OB equal to 5 and G parts respectively 
from, any scale. Describe arcs A a, B & and draw the lines a &, 
A B. On m set off c equal to the unit, 1 J". From c draw cl 
parallel to a b, from 1 draw 1 2 parallel to A B, and from 2 draw 2 B 
parallel to a 6. Then 3 will be the third power. 2 is the second 
power, and a parallel to A B from 3 will give the fourth power, &c. 
19'ote.— If the numerator had been larger than the denominator, the 
parallels would have been drawn /rom the angle O instead of towards it. 

EVOLUTION 

If the power of a number be given, and it is required to find the root, or 
number from which the power was obtained, the process is called evolution. 
Thus 8x8== 64, and the square root of 64 (written thus, V64) would be 8; 
4 X 4 X 4 =64, and 4 would be the third or cube root of 64 (written ^^64). The 
expression, v^82 means that the fifth root has to be extracted, which would 
be 2, because 82 = 2 x 2 x 2 x 2 x 2. 

FBOBLEM 92. — To find the square root of the line A B. Unit = C. 

Find a mean proportional between the given line and the unit. 
Set off A B and C in the same straight line ; then the mean pro- 
portional, B D, is the required square root. 

ISTote.— The triangles A B D and D B C are similar ; .*. A B : B D :: B D 
:BC|_and ABxBC=BD»; but BO = unity; ..A B = B D^ or BD 
«»VAB. 

FBOBLEM 93. — ^The line a b represents 9 ; obtain by conBtruetion a 
line representing ^a b. (/Sc, 1884.) 

First find the unit b c (Prob. 75). Make b d equal to the unit b c. 
The mean proportional (6 e) between a b and & e2 is the required line. 

Note. — ^When the number represented is large, it is advisable to modify 
the construction by dividing the number into two factors and using one of 
them as the unit. Thus, in the problem just worked we could have divided 9 
into 4^ x 2. The mean proportional between 4^ units and 2 units will equal h e, 
as 2x4^-=9xl, and the construction would have been better, because be 
would come more to the middle of the line. 
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PROBLEM 94. — ^To find the square root of a fractioxi, the unit beings 
given. ^ 

Let fhe sj\ be the expression, and V be the unit. The ^J\ will 
be the mean proportional between * and the unit. Draw two lines 
meeting at any angle, and set off O A, O B equal to 4 and 5 equal 
parts, to any scale. Join A B, and on B mark off C equal to 
the unit, V\ Draw CD parallel to AB. Then OD represents \ 
(Prob, 84). Produce O B and make eZ = D. The mean propor- 
tional, E, between D and C will represent ^. 

19'ote. — The fonrth root is the square root of the square root. In<the same 
Vf&y the eighth and sixteenth roots may be determined from the square root. 
The other roots are determined by using the logarithmic spiral. 
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PEOBLEM 95. — The line A B represents s/10 ; what is the unit 1 

Take a point, C, in any line and set off C D, any unit of length, 
and to tke right of set off 10 of these units. Find C F, the square 
root of C E {Froh, 92). Produce C F, and make C G = A B. From 
G draw G H parallel to F D. Then C H will be the unit required. 

Note. — As C D ifi the unit wh^ C F represents 's/lO, then C H must 
be the unit when C Q represents 's/lO. 

FBOBLEM 96.— Supposing the area of a circle is y^ r^, where r is 
the radios; obtain by constniotion a line representing the area of a 
circle 3'' in diameter. ¥nit 1^ {8c., 1887.) 

Find two lines representing ^^ and r'^*, and multiply them to- 
gether ; or, set off B = the unit, V\ draw O A = r (li"), and obtain 
O C equal to r* {J^roh, 90). 3y times O C will be the required line. 

FBOBLEM 97. — Draw a cnrve which will give the squares of all 
the quantities firom to 4, taking I''' as the unit. 

Draw two lines perpendicular to each other and meeting at 0. 
Set off the unit 4 times to the left of 0. Make O X = the unit. Set 
off four equal distances to the right of O (any unit), aJid from each 
of the points 1, 2, &c., draw perpendiculars. Join d X and draw 
d d' at right angles to it. From d* draw a line parallel to O 4 to 
meet the perpendicular from 4 in D. Join c with X, and draw c c' 
at right angles to c X. From c' draw a line parallel to O 4 to meet 
the perpendicular from 3. Proceed similarly for the other points. 

FBOBLEM 98. — Taking one- third of a as unit; determine a line 

representing ^% (Sc„ 1685.) 



Make oa = \ «, and oc = c. Then the mean proportional od 
will equal ^c (Prob. 92). Make ob^b and join b d. Draw a e 

parallel to b d. Then oe= ^ -. 

o 

Note. — 00 'od ''.oa'ob\ that is, o : Vc :: 1 : 5. Then o x 6 ~ 's/c x 1. 

Je 
Therefore «-!-'. 

FBOBLEM 99^— A line 3'^ long represents 3| units. Obtain a line 
representing 2^/5. 

Draw a 6 = 3'' and produce it. From a draw a line and set off 
31 and 5 equal parts. Join 3 ^ and 6, and from 5 and 1 draw paral- 
lels to this line. Then ad = tne unit, and a c = 6. _Make ad^ = ad, 
and find a mean proportional, af. Then a/= ^/6, and/^r - 2^/5. 
To represent areas by straight lines. 
Reduce the given figure to an equivalent triangle as shown in Chapter 
XIII., and then reduce the triangle to another triangle of equal area, but 

having an altitude of 2". The area of a triangle equals ^^ ^ ^^^ — But 

if the height = 2", then the area will be represented by the number of inches 
in the base. 

FBOBLEM 100.— Given the triangle ABC. Determine another 
triangle equal to it in area, but having an altitude of 2". 

With centre B and radius 2" describe an arc. From A draw A D tangent 
to the arc, and from O draw O D parallel to A B. Join B and D. Then the 
triangle A B D = triangle ABC, and A D will represent the area of the giveu 
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258 EXERCISES 

FIRST STAGE, OR ELEMENTARY EXAMINATION. 

1890. 

Oi^ eight qiiestiofu are to be attempted. Questions marked (*) 
Jiave accompanying diagrams. 

Plane Geometbt. 

11. Draw a triangle the sides of which are respectively twice the lengfh of 
those of the given triangle abc {Fig. to Question 8) and prodnoe the sides 
indefinitely. Draw four circles each touching the three lines. (10.) 

12. Construct a regular pentagon abcde on the side of 1*5". Join the 
centre points of the sides a b and d e, and circumscribe the four-sided figure 
thus obtained by a circle. What is this figure called ? (8.) 

13. In a circle of 2|" diameter place seven equi-distant radii. From the 
outer extremity of any radius, draw a line to the outer extremity of the next 
radius but one, and continue the process, always missing out a radius. (8.) 

SouD Geohetbt. 

14. A point F is \" in front of the vertical and 1" above the horizontal 
plane of projection. Show it by its plan and elevation, and through it draw 
a plane inclined at 60° to the horizontal plane and perpendicular to the vertical 
plane. (10.) 

*15. The traces of a plane are given. Determine the plan and elevation 
of a point which is in the given plane, ^" in front of the vertical plane, and 
the plan of which is 1^" from the horizontal trace of the given plane. 

(10.) 

16. The horizontal and vertical traces of a plane make respecively angles 
of 65° and 80^ with the ground line. Determine the plane which bisects the 
obtuse dihedral angle between the horizontal plane and the given plane. 

(10.) 

*17. The traces of a plane are given and the vertical trace of a second 
plane. This second plane is inclined at 65° to the horizontal plane. Deter- 
mine the inclination of the first plane to the horizontal plane, and the plan 
and elevation of the line in which the planes intersect. (12.) 

•18. The letter L as given rests on a plane inclined at 85°, with the points 
a and b on the horizontal trace of the plane. Draw its plan. (10.) 

19. An equilateral triangle a' b' c of 1^" side is the end elevation of a 
prism 2" long. Draw its plan when the long edge through A is in the hori- 
zontal plane, and the face containing the edge A B is inclined at an angle of 
40° to the horizontal plane. (12.) 

*20. The plan and elevation of a solid, made up of two square prisms, are 
given. Draw its plan when, instead of standing vertically as in the figure, the 
edges through the points marked A and B are both in the horizontal plane. 

(16.) 

•21. The plan and side elevation of a wooden coal-box are given. Draw 
the elevation on the given ground line x y. (14.) 

•22. Draw the section of the coal-box made by the vertical plane, the 
horizontal trace of which is the line A B. (14.) 

Graphic Abithuetic. 
23. Taking \" as unit, obtain lines representing — 

15, VIS, and . ,--.v 

V15 ^^^f 

*24. Taking the given line A as unit of length, determine and write down 
the number of units of area in the rectangle contained by the given lines B 
and O. (12.) 
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EXEBCISES 

CHAPTER XXn 

1. A line 8" long represents 9. Find the unit and draw a line to represent 
15 to the same unit. 

2. Find graphically the value of 2-5 - 1*7 + S'l - 2-4. Unit 1". 
8. Obtain a line to represent 8 x 12 x 2. Unit \'\ 

4. Find the value ofj + 1 - ^. Unit 2". 

5. Determine the V29. Unit \'\ 

6. A line 8" long represents 5, find the value of V6. 

7. A line 2" long represent8_V7. Find the unit. 

8. Find the value of f + 2 V5. Unit f '. 

S2 



26o EXERCISES 

0. a & {i\") represents 9. Obtain hj construction a line which will repre- 
sent the sqnare root of a h, {8c^ 1884.) 

10. Determine the product of the lines a and &, 2|'' and 1^" respectively, 
and write down the number of units it contains. {Sc, 1885.) 

11. If a (2|") represents V2», what is the unit ? (Sc, 1885.) 

12. The given Ime a {2\") represents the product of the Unes b (IV') and 
c {S\"). Determine and write down the length of the unit. {Sc^ 1886.) 



and 2V6. {8c., 1889.) 

15. If the given line A (|") represents the unit, what numbers do the lines 
B (8|^")i O m"), and J> {1-^") severally represent ? Deteimine also a line 
B 
CxD* 
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